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Gordon–Haus Timing Jitter Reduction in
Dispersion-Managed Soliton Communications

J. Nathan Kutz and P. K. A. Wai

Abstract—An analytic theory is presented which demonstrates
that the noise induced Gordon–Haus timing jitter in arbitrary
dispersion-managed transmission systems is reduced by the
power-enhancement factor required to support a dispersion-
managed solitons provided the path-average soliton period is
much greater than the dispersion-map period. The analysis
further predicts the behavior of the amplitude, width, and
quadratic chirp fluctuations due to the amplified spontaneous
emission (ASE) noise.

Index Terms—ASE noise, dispersion-management, optical fiber
communications, solitons, timing jitter.

T HE PERFORMANCE of soliton based transmission sys-
tems is limited in part due to Gordon–Haus timing jitter

[1] which arises from the inherent amplified spontaneous
emission (ASE) noise that accompanies coherent amplification.
This jitter is a direct result of the nonlinear interaction of the
noise field with the propagating soliton and sets a fundamental
transmission limit [1]. Both passive methods, which make use
of narrow-band filtering [2]–[4], and active methods, which
make use of in-line synchronous modulation [5], have been
successfully utilized to overcome this limitation. All these
methods aim to significantly suppress the ASE noise level
in order to significantly enhance systems performance. More
recently, the use of dispersion-management techniques have
been shown both experimentally [6] and numerically [7], [8]
to naturally reduce the jitter. It has been suggested that the jitter
reduction is given by the power enhancement factor required
to support adispersion-managed soliton[9], [11]. However,
previous results [6]–[8] are obtained for specific maps and it
is unclear whether the conjecture is true for other dispersion
maps. It is also important to determine the parameter range at
which the conjecture holds. By using a variational analysis [9],
[10], we show analytically that the jitter is indeed reduced by
the power enhancement factor for an arbitrary dispersion map.
The analysis also determines the range of validity of this result
and further captures the fluctuations in the dispersion-managed
soliton amplitude, width, and chirp.
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What differentiates this analysis from the work of Gordon
and Haus [1] is that the pulses under consideration here are
far from the soliton solutions of the nonlinear Schr¨odinger
equation. In particular, the dispersion-managed solitons un-
dergo large fluctuations in amplitude, width, and quadratic
phase chirp in one dispersion map period [9]. Thus, the
methods of soliton perturbation theory are insufficient to
capture the dynamics since, for instance, the chirp dynamics
is completely missed by the soliton perturbation equations
(see, e.g., [12]), and yet, it is this dynamics which couples
strongly with the amplitude fluctuations [9], [10] to produce
the stable dispersion-managed solitons observed in experiment
[6] and numerical simulations [9], [11]. It should be noted
that dispersion maps that produce only small fluctuations
in amplitude, width, and chirp per dispersion map period
can be relatively well understood from soliton perturbation
theory [12] and guiding-center theory [13]. However, many
dispersion maps under physical investigation [6], [9]–[11] are
not in this regime.

In the present analysis, as with the Gordon–Haus analysis
[1], we neglect the periodic intensity fluctuations due to
fiber loss and amplification as they only introduce small
perturbations to the average pulse dynamics as in the guiding-
center theory [13]. We incorporate the noise field generated
from the spontaneous emission of the amplifier gain through
the function below. Although this formalism allows
us to consider a distributed noise source, in what follows we
consider a noise contribution at the end of each dispersion
map period. Thus the evolution of the slowly varying enve-
lope of the electric field is given by the modified nonlinear
Schrödinger equation

(1)

where is a white-noise process and
is normalized by the fundamental-soliton peak field power

. The variable represents the
physical time normalized by , where is the full
width at half maximum intensity of the pulse, and the variable

represents the physical distance divided by the dispersion
length corresponding to the
path-average dispersion value . Here is the nonlinear
coefficient of the fiber, is the effective cross-sectional area
of the fiber and and are the carrier’s free-space wavelength
and speed of light, respectively. In practice, the dispersion map

alternates between the anomalous and normal dispersion
regimes in a piecewise constant, periodic manner. However,
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the following analysis only requires to be periodic so
that where is the dispersion map period
and the dispersion averaged over one period 1.

The variational approach [9], [10] used here reduces the
governing partial differential equation (1) to a set of cou-
pled, nonlinear ordinary differential equations. The Lagrangian
associated with the governing (1) is given by

(2)

where the Lagrangian is determined by requiring the La-
grangian density inside the curly brackets to reproduce (1)
and its complex conjugate when taking variations with respect
to and , respectively [9].

At the heart of the variational formalism is an appropriate
ansatz of the pulse shape and corresponding free parameters.
Here, we generalize our choice of ansatz from previous work
[9], [10] in order to include the center-frequency and center-
position dynamics which is driven by the noise field. We
assume

(3)

where is the power enhancement factor [9], [11] and
and are free parameters that depend upon

and correspond to the amplitude (and width), quadratic chirp,
center-position, center-frequency, and phase dynamics respec-
tively.

The choice of the enhancement factor is crucial in
determining the resulting dynamics. Specifically, if the en-
hancement factor is too high or too low, a quasiperiodic
dynamics will result [9]. However, it was shown by Kutzet al.
[9] that the enhancement factor required to support a periodic,
dispersion-managed soliton solution can be easily determined
for an arbitrary dispersion map using shooting methods for
ordinary differential equations. In this work, we assume to be
working in a regime near the ideal, periodic behavior [9].

The equations of motion for each of the evolution param-
eters is determined by taking the variations 0 with
respect to each of the free parameters denoted by
and (the evolution is determined by these four free
parameters [9], [10]). Equation (1) is reduced to a set of
coupled equations:

(4a)

(4b)

(4c)

(4d)

where

(5)

is the projection of the noise on each of the evolution param-
eters. Note that in the absence of noise, i.e., 0,
the evolution equations for the amplitude and chirp reduce to
previous work of Kutzet al. [9] and 0, 0 so that no
center-frequency and center-position shifts occur.

As noted in Gordon and Haus [1], a broad-band (white)
noise source excites all orthogonal modes with equal mean
energies and with random uncorrelated phases. Likewise, the
in-phase and quadrature phase components of each mode
receive equal mean energies. Here, we use an orthogonal
modal expansion of the noise field similar to that utilized
by Gordon and Haus to calculate the center-frequency and
center-position shifts along with the amplitude, width, and
chirp fluctuations due to a white-noise process. Note that we
use the ansatz in (3) as our “soliton” modes and utilize the
corresponding orthogonality properties.

The noise contribution due to arbitrary amplifier placements
and multiple amplifiers per map period may be easily consid-
ered in this formalism. And since the jitter depends upon the
intensity of the pulse at the noise source location (see below),
jitter due to ASE noise may be reduced by the judicious
placement of the amplifier in the map period. This will be
considered in detail elsewhere. For the present, we consider
the simple case of noise contributions which arise at the end of
every dispersion map period. Thus, the appropriate noise field
phasor components that contribute to the reduced dynamics of
(4) in a transmission line are

(6)

where and represent the parameter val-
ues at the beginning of theth dispersion map period. Here

is
the Dirac delta function, and represents the noise
amplitude of each orthogonal mode term.

In this letter, we limit our discussion to the center-frequency
and center-position dynamics because these parameters are
the only ones which relate to the Gordon–Haus timing-jitter
of interest. The change in center-frequency generated at each
dispersion map period from noise phaser components of (6)
yields

(7)

so that the change in frequency between dispersion map peri-
ods is This is just the Gordon–Haus frequency
shift divided by the power enhancement. We note that in
Gordon and Haus [1], (1) is considered with

so that the modal decomposition is identical to
previous work [1].
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Given the center-frequency shift of (7), the corresponding
center-position (jitter) of the pulse can then be calculated by
(4d). Upon integrating over a single dispersion map period,
we find

(8)

Note that the center-position of the pulse is at . In the
limit of a fixed, anomalous dispersion so that 1, this result
reduces to the Gordon-Haus limit [1] as is expected because
they assume 0 [1].

The random center-position shifts induced by the ASE noise
is the principal quantity of interests. The overall shift in
arrival time, , of the dispersion-managed soliton can be
calculated by summing up all the position shifts along a given
transmission line of length . The total timing shift is

(9)

Because the center-position shifts at each dispersion period
are independent, we find from (9) that the leading order
contribution to the mean-square center-position shift is

(10)

where we have approximated the sum by an integral [1], i.e.
and we have neglected the much smaller

noise component which grows like.
Equation (10) confirms the conjectures made in [6] and [7]

on the role of the power enhancement factor in the reduction
of the accumulated jitter. It is important to note that (10)
is independent of the dispersion map used while previous
numerical and experimental results are obtained for particular
dispersion maps only. The variational formalism gives a good
description of the dynamics of (1) when the soliton period
corresponding to the average dispersion is much larger than
the dispersion map period [10]. It is in this limit that the
reduction in timing jitter by the enhancement factor hold for
a generic dispersion map. Beyond this limit, i.e., when the
dispersion map period approaches the soliton period of the
path-average dispersion, (10) breaks down not only in the
reduced models, but also in the governing equation (1) owing
to more complicated phenomena that can arise from higher
soliton effects and resonances between the soliton and the
dispersion map period [9], [10].

Finally, we note that the phasor noise componentsand
do not contribute to jitter. In fact, the amplitude and chirp

dynamics are completely decoupled from the center-position
and center-frequency dynamics. Unlike the above results, the
chirp and amplitude dynamics driven by a noise source at
each amplifier is difficult to handle analytically and will be
considered elsewhere.

In conclusion, dispersion-management with an arbitrary
map reduces the Gordon–Haus timing jitter by the power-
enhancement factor required to support a dispersion-managed
soliton. This result is found analytically with the use of
the variational method and confirms the recent conjectures
based upon experiments [6] and numerical simulations [7],
[8]. In addition to the timing-jitter reduction, the analysis
also provides a framework in which to study the amplitude,
width and chirp fluctuations due to ASE noise and predicts
the breakdown of the power enhancement reduction, i.e., when
the path-average soliton period approaches the dispersion map
period.

After the completion of this work, we learned that similar
results were obtained independently by Okamawariet al. [14].
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