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Abstract

Based on the recently reported generalized projection operator method for nonlinear Schrödinger equation, one c
two different sets of pulse parameters equations while using ansätze like hyperbolic secant or raised-cosine. We
in case of a Gaussian like ansatz those sets of equations are unique because of the symmetric property between the an
parameters.
 2004 Elsevier B.V. All rights reserved.
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Almost all the complex nonlinear partial differential equations (NPDEs) governing the nonlinear syste
in the family of nonlinear Schrödinger equation (NLSE). Many important physical systems like, nonlinea
optics, Bose–Einstein condensate (BEC), water waves, plasma waves, etc., are governed by the NLSE[1]. The
NLSE is completely integrable and itsN -soliton solutions can be obtained using the standard inverse scat
transform scheme[2]. The completely integrable form of NLSE is a very special case or approximated vers
the equation governing real systems. Many numerical, approximation and perturbation methods were dev
study the pulse dynamics of such nonintegrable NLSE. Lagrangian variational method (LVM) is one of the
approximation technique often used in nonlinear fiber optics, fluid dynamics and in BEC for investigating th
dynamics of the systems governing NPDEs[3,4].
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In 1988, Boesch et al.[5] proposed a projection operator scheme for the Klein–Gordon equation whic
preserve the Hamiltonian structure of the dynamical equation. Very recently we have reported that Boesch et
projection operator scheme cannot be straightforwardly applied to complex NPDEs like NLSE[6]. Rather we
showed that a generalized projection operator scheme must be used for deriving the pulse dynamical equ
NLSE. The generalized projection operator contains a phase constant parameter say,θ whose value set to 0 orπ/2
will determine whether we have minimized the Lagrangian corresponding to the NLSE or the residual field
is the difference between the exact pulse and the assumed ansatz function. Minimizing the Lagrangian of t
is equivalent to the famous LVM[3] and minimizing the residual field is equivalent to the bare approximation (
of the collective-variable (CV) theory[7]. In general an ansatz function will result two sets of ordinary differen
equations (ODEs) from the generalized projectionoperator method each one corresponds to the LVM and the
of the CV method, respectively. In the same work we showed that the hyperbolic secant ansatz and raised co
ansatz give different sets of ODEs for the NLSE and which set of ODEs best approximates the pulse pa
dynamics depends on the ansatz used. Tchofo Dinda et al., have chosen a Gaussian ansatz as an exam
BA of the CV method, which has produced the same CV equations of motions from both the methods[7]. In this
Letter we show that the Gaussian like ansatz has its own symmetry relations between the CVs which m
final ODEs from both the methods the same.

We consider the NLSE in the form:

(1)ψz + iβ

2
ψtt − iγ |ψ|2ψ = 0,

whereψ is the slowly varying envelopeof the axial electrical field,β andγ represent the group-velocity dispersi
and self-phase modulation parameters,respectively. These definitions of the variables and parameters are for t
context of envelope soliton propagation in optical fibers.These definitions will vary in other physical system
governed by the NLSE[1]. Let us introduce the ansatz function asf (x1, . . . , xN , t), wherex1, . . . , xN are the
pulse parameters (also called CVs) dependent only onz. For complex equation like the NLSE let us introdu
a generalized projection operatorPk = exp(iθ)f ∗

xk
, whereθ is an arbitrary phase constant. To obtain the C

equations of motion we project Eq.(1) in the direction ofPk . We substitute the ansatz functionf for ψ in Eq.(1),
multiply the resulting equation byPk and integrate with respect tot we obtain

(2)
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If we substituteθ = π/2 in Eq.(2), we get the equivalent Lagrangian variations[6]
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If we substituteθ = 0 in Eq.(2), we get the minimization of residual field which is equivalent to the BA of
CV theory[6]
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Now, let us see how the final CVs equations of motions derived from the LVM or the BA of the CV theo
a standard Gaussian ansatz with four CVs are unique. Consider the Gaussian ansatz as

(5)f = x1 exp

(−t2

x2
2

+ ix3t
2

2
+ ix4

)
,
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q.

tween
wherex1, x2, x3/(2π) andx4 represent the pulse amplitude, width, chirp and phase, respectively. Using E(5)
in (3) and(4), we get the same CV equations of motions as

(6a)ẋ1 = βx1x3

2
,

(6b)ẋ2 = −βx2x3,

(6c)ẋ3 = β

(
x2

3 − 4

x4
2

)
−

√
2γ x2

1

x2
2

,

(6d)ẋ4 = β

x2
2

+ 5γ x2
1

4
√

2
.

When we substitute the Gaussian ansatz(5) either in Eqs.(3) or (4)and before deriving the final simplified form
of the ODEs as Eqs.(6), we get the matrix equation (note thatθ = π/2 for Eq.(3) andθ = 0 for Eq.(4))

(7)[Mθ ][ẋ] = [Fθ ],
where
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For θ = 0 or θ = π/2, we get different sets of Eq.(7), for the case of Gaussian ansatz(5). However, after solving
those simultaneous equations we get the same set of ODEs(6) because of the availability of the transformation:

(9a)[R][Mθ=π/2] = [Mθ=0],
(9b)[R][Fθ=π/2] = [Fθ=0],

where

(10)[R] =




0 0 0 1/x1

0 0 4/x3
2 0

0 −x3
2/4 0 0

−x1 0 0 0


 .

The transformation in(9) is available for the Gaussian ansatz as a result of the symmetry property be
the CV’s in the Gaussian ansatz function. We find that the derivatives of the Gaussian ansatz function(5) with
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respect to the CV’s(fxk ) are related to otherfxk , i.e., fx1 = −iR14fx4, fx2 = −iR23fx3, fx3 = −iR32fx2 and
fx4 = −iR41fx1, whereRuv represents the elements of the matrix[R] given by Eq.(10). This special property o
the Gaussian ansatz makes the two different Eq.(7), for the values ofθ equal to 0 orπ/2 to result in the same se
of ODEs(6).

So far we have discussed about the Gaussian ansatz function(5) with four CVs, which resulted same set
ODEs from LVM and the BA of the CV theory. We have also proved that the availability of the transformatio
simple matrix(10)which connects the derivatives of the Gaussian ansatz function is the reason for the uniq
of the ODEs resulting from the generalized projectionoperator method. Now let us consider the more gen
Gaussian ansatz with six pulse parameters as

(11)f = x1 exp

[−(t − xc)
2

x2
2

+ ix3(t − xc)
2

2
+ ixf (t − xc) + ix4

]
,

wherexc andxf represent the pulse temporal position and frequency, respectively. Using Eq.(11) in (3) and(4),
we get the same CV equations of motions as(6) and two more equations for pulse temporal position and frequ
as

(12a)ẋc = −βxf ,

(12b)ẋf = 0.

Interesting feature about the Gaussian ansatz with six CVs is that like the four pulse parameter case,
also have similar transformation like Eq.(9) but with the matrixR given as

(13)[R] =
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

.

Thus transformation(9) is still available for the Gaussian ansatz(11) as a result of the symmetry property b
tween the CV’s are still preserved after the introduction of two other pulse parametersnamely the pulse tempora
position (xc) and frequency (xf ). Here also we find that the derivatives of the Gaussian ansatz function(11)with re-
spect to the CV’s(fxk ) are related to otherfxk in a more complicated form, i.e.,fx1 = −iR16fx4, fxc = −iR21fx1 −
iR22fxc − iR25fxf − iR26fx4, fx2 = −iR34fx3, fx3 = −iR43fx2, fxf = −iR52fxc − iR55fxf − iR56fx4 and
fx4 = −iR61fx1, whereRuv represents the elements of the matrix[R] given by Eq.(13). This special property
of the Gaussian ansatz makes the two different Eq.(7), for the values ofθ equal to 0 orπ/2 to result in the sam
set of ODEs(6) and(12). This is the reason why the example of Gaussian ansatz lead Tchofo Dinda et al.,
prematurely conclude in Ref.[7] that the LVM and the BA of the CV theory to be the same.

To conclude, in this Letter we have proved for ansätze like Gaussian which has an inherent symmetric
between the CVs will result the same set of the dynamical equations derived either from the LVM or from
of the CV theory. Hence while studying the dynamics of NLSE governed system with variational analysis
Gaussian ansatz then there is no need to separately investigate them for LVM and the BA of the CV the
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er
for other ansätze like hyperbolic secant or raised cosine functions, which lacks this kind of symmetric property
between the pulse parameters, one needs to derive both sets of ODEs and analyze their dynamics.
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