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Abstract

Based on the recently reported generalized projection operator method for nonlinear Schrédinger equation, one can derive
two different sets of pulse parameters equations while using ansétze like hyperbolic secant or raised-cosine. We show that
in case of a Gaussian like ansatz those sets of equations apgeunécause of the symmetric property between the ansatz
parameters.
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Almost all the complex nonlinear partial differential equations (NPDES) governing the nonlinear systems are
in the family of nonlinear Schrodinger equation (NLSE). Many important physical systems like, nonlinear fiber
optics, Bose—Einstein condensate (BEC), water waves, plasma waves, etc., are governed by tfi] NLI&E
NLSE is completely integrable and if¢-soliton solutions can be obtained using the standard inverse scattering
transform schemp]. The completely integrable form of NLSE is a very special case or approximated version of
the equation governing real systems. Many numerical, approximation and perturbation methods were developed to
study the pulse dynamics of such nonintegrable NLSE. Lagrangian variational method (LVM) is one of the famous
approximation technique often used in nonlinear fiber optics, fluid dynamics and in BEC for investigating the pulse
dynamics of the systems governing NPOB&].
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In 1988, Boesch et a[5] proposed a projection operator scheme for the Klein—Gordon equation which can
preserve the Hamiltonian structure of the dynamical &gonaVery recently we have reported that Boesch et al.,
projection operator scheme cannot be straightforwardly applied to complex NPDEs like [§LSEather we
showed that a generalized projection operator scheme must be used for deriving the pulse dynamical equations for
NLSE. The generalized projection operatontains a phase constant parameter&ayhose value set to 0 or/2
will determine whether we have minimized the Lagrangian corresponding to the NLSE or the residual field which
is the difference between the exact pulse and the assumed ansatz function. Minimizing the Lagrangian of the NLSE
is equivalent to the famous LVB] and minimizing the residual field is equivalent to the bare approximation (BA)
of the collective-variable (CV) theolfy]. In general an ansatz function will result two sets of ordinary differential
equations (ODEs) from the generalized projectiperator method each one corresponds to the LVM and the BA
of the CV method, respectively. In the same work we sttt the hyperbolic secant ansatz and raised cosine
ansatz give different sets of ODEs for the NLSE and which set of ODEs best approximates the pulse parameter
dynamics depends on the ansatz used. Tchofo Dinda et al., have chosen a Gaussian ansatz as an example for tf
BA of the CV method, which has produced the same CV equations of motions from both the n{@hadshis
Letter we show that the Gaussian like ansatz has its own symmetry relations between the CVs which makes the
final ODEs from both the methods the same.

We consider the NLSE in the form:

x/fz+§wn—iy|w|2w=o, @)

wherey is the slowly varying envelopef the axial electrical field3 andy represent the group-velocity dispersion
and self-phase modulation parameteespectively. These definitions of thariables and parameters are for the
context of envelope soliton propagation in optical fib&rkese definitions will vary in other physical systems
governed by the NLSH1]. Let us introduce the ansatz function féx1, ..., xy,t), wherexy, ..., xy are the
pulse parameters (also called CVs) dependent only.dror complex equation like the NLSE let us introduce
a generalized projection operatBy = exp(if) f; , whered is an arbitrary phase constant. To obtain the CVs
equations of motion we project E(L) in the direction ofP;. We substitute the ansatz functigrfor v in Eq. (1),
multiply the resulting equation b, and integrate with respect tave obtain

/ R[S f7 explio)]dr — g S[ e 7 expif) ] de +y f |f|2ts[fﬁk exp(if)]dr =0. (2)
If we substituted = /2 in Eq.(2), we get the equivalent Lagrangian variati¢ép
/ S[fe S ]de — g N[ fu f3]dr +v / |f|2§)i[ff;‘k]dt =0. (3)

If we substituted = 0 in Eq.(2), we get the minimization of residual field which is equivalent to the BA of the
CV theory[6]

2
—00 —00
Now, let us see how the final CVs equations of motions derived from the LVM or the BA of the CV theory for
a standard Gaussian ansatz with four CVs are unique. Consider the Gaussian ansatz as

/ﬂi[fzf;"k]dt—é S[fufi]de +y / | FIA[f£L ] dt =0. 4)
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wherexy, x2, x3/(2r) andx4 represent the pulse amplitude, width, chirp and phase, respectively. Usifg)Eq.
in (3) and(4), we get the same CV equations of motions as

Bx1x3

X1 = > (6a)
X2 = —Px2xz, (6b)
. 4 x/iyxz

X3=ﬂ(x?2,——4) - 2 17 (GC)

X2 X2
. B 5VX1
+ 6d

X4 = x§ ek (6d)

When we substitute the Gaussian angajzither in Eqs(3) or (4)and before deriving the final simplified form
of the ODEs as Eq¢6), we get the matrix equation (note thtat= /2 for Eq.(3) andd = 0 for Eq.(4))
[Mp]lx] = [Fol, )

where
-0M1 O0M1 O0Mp OMq -
0x1 dx2 0x3 0x4

X1 F oMy 0Mp OMo OM>
X2 > dx1 dx2 0x3 0x4
= s Fyl= s Myl = 8
[x] X3 [Fol I3 [Mo] oMz 0M3z 0Msz oMs3 @)
X4 Fa 0x1 0x2 0x3 0x4

oMy 0Myg 0Myg 0My
~- 0x1 dx2 0x3 0x4 -

with

o0
IM; '
Wk] = / R[ fr; [ exp(io)]dt

—00

szg f S[ i £ expio)] dt — /|f|2:s 1 expio)]d:.

—00
Foro =0 or6 = /2, we get different sets of E{7), for the case of Gaussian ansé). However, after solving
those simultaneous equations we get the same set of (B)Because of the availability of the transformation:

oo

[RI[My=r/2] = [Mp=o0], (9a)
[RI[Fo=r/2] = [Fo=0l, (9b)
where

0 0 0 UYn

0 0 4x3 0

[R] = . (10)
0 —x3/4 0 0
—x1 O 0 0

The transformation in{9) is available for the Gaussian ansatz as a result of the symmetry property between
the CV’s in the Gaussian ansatz function. We find that the derivatives of the Gaussian ansatz {&)atidm



242 PK.A. Wai, K. Nakkeeran / Physics Letters A 332 (2004) 239-243

respect to the CV's f,,) are related to othey,,, i.e., fi; = —iR1afx,, fx, = —iR23f3, frs = —iR32fx, and
fxa = —iRa1fx,, Wherer,, represents the elements of the mai®{ given by Eq.(10). This special property of
the Gaussian ansatz makes the two different(EEg for the values ob equal to 0 orzr/2 to result in the same set
of ODESs(6).

So far we have discussed about the Gaussian ansatz furfgjieith four CVs, which resulted same set of
ODEs from LVM and the BA of the CV theory. We have also proved that the availability of the transformation with
simple matrix(10) which connects the derivatives of the Gaussian ansatz function is the reason for the uniqueness
of the ODEs resulting from the generalized projectaperator method. Now let us consider the more general
Gaussian ansatz with six pulse parameters as

—(f—x )2 ixa(t —x)2
e mxp[ (= x0? | ixalt —xo
x5 2
wherex. andx s represent the pulse temporal position and frequency, respectively. UsirfgjlBaq (3) and(4),

we get the same CV equations of motiong@&sand two more equations for pulse temporal position and frequency
as

+ixf(t—xc)+ix4i|, (11)

Xe=—Pxy, (12a)
%p=0. (12b)

Interesting feature about the Gaussian ansatz with six CVs is that like the four pulse parameter case, this one
also have similar transformation like E@®) but with the matrixR given as

— 1 _
0 0 0 0 0 —
X1
2 4.2 2
xX5x3 —4—x5x3  —Xx5x3xf
— 0 0
w T 22 2
4
0 o 0 = 0 0
[R] = x3 . (13)
—x3
0 0 —= 0 0 0
4
0 x_g 0 0 —x%xg —x%xjc
2 2 2
L —x1 0 0 0 0 0

Thus transformatiofQ) is still available for the Gaussian anséi4) as a result of the symmetry property be-
tween the CV's are still preserved after the introductibtwe other pulse parametensimely the pulse temporal
position (.) and frequencyxy). Here also we find that the derivatives of the Gaussian ansatz furftfipwith re-
spectto the CV's f;, ) are related to othef,, in a more complicated form, i.efy; = —i R16fx4, fx. = —i R21fx, —
iR22fx, — iR25fx; — iR26fx4, fx, = —iR3afxs, frs = —iRasfx,, fx; = —iRs2fx, — iRs5fx; — iRsefy, and
fxs = —iRe1fx,, WhereR,, represents the elements of the mafiR{ given by Eq.(13). This special property
of the Gaussian ansatz makes the two different(Ey for the values ob equal to 0 orr/2 to result in the same
set of ODES(6) and (12). This is the reason why the example of Gsian ansatz lead Tchofo Dinda et al., to
prematurely conclude in R€f7] that the LVM and the BA of the CV theory to be the same.

To conclude, in this Letter we have proved for ansatze like Gaussian which has an inherent symmetric property
between the CVs will result the same set of the dynamical equations derived either from the LVM or from the BA
of the CV theory. Hence while studying the dynamics of NLSE governed system with variational analysis using a
Gaussian ansatz then there is no need to separately investigate them for LVM and the BA of the CV theory. But
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for other ansatze like hyperbolic secant or raised @#$imctions, which lacks thisikd of symmetric property
between the pulse parameters, one needs to derive both sets of ODEs and analyze their dynamics.
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