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Abstract. We introduce a modification of the complex Ginzburg-Landau (CGL)
equation with background linear loss and locally applied gain. The equation
appertains to laser cavities based on planar waveguides, and also to the description
of thermal convection in binary fluids. With the gain localization accounted for
by the delta-function, a solution for pinned solitons is found in an analytical form,
with one relation imposed on parameters of the model. The exponentially localized
solution becomes weakly localized in the limit case of vanishing background loss.
Numerical solutions, with the delta-function replaced by a finite-width approx-
imation, demonstrate stability of the pinned solitons and their existence in the
general case, when the analytical solution is not available. If the gain-localization
region and the size of the soliton are comparable, the static soliton is replaced by
a stable breather.

1 Introduction and the model

One of the fundamental effects in nonlinear optics is the self-trapping of light beams in planar
waveguides, which gives rise to effectively one-dimensional spatial solitons [1]. In media with the
Kerr nonlinearity, the formation of such solitons was experimentally demonstrated two decades
ago [2]. Later, similar experimental results were reported in waveguides with the quadratic
[3] and photorefractive (saturable) nonlinearity [4], as well as in media featuring a nonlocal
cubic response [5], and in arrays of discrete waveguides, see a recent review of the latter topic
in Ref. [6].
A physical factor which is negligible in basic experiments is the background loss in the

optical waveguide. However, the loss and gain, which should be applied to support solitary
beams, play an important role in various models of spatial-soliton-forming laser cavities, where
the nonlinear waveguide is included in a closed optical loop, see Refs. [7] and references therein.
Models combining the transverse diffraction, Kerr nonlinearity, gain and loss belong to the
general class of complex Ginzburg-Landau (CGL) equations [8]. Beyond the realm of optics,
the CGL equations find their realizations in many other fields of physics. In particular, the CGL
equation with the cubic nonlinearity may serve as a model for the so-called “dispersive chaos”,
observed in experiments with traveling-wave thermal convection in binary fluids [9] (see more
details below).
An obvious necessary condition for the stability of solutions for localized beams (alias spatial

“dissipative solitons” [10]) in CGL equations is the stability of the zero background. This
condition is not met by equations which include linear gain. In particular, the well-known exact
analytical solution for solitary pulses in the simplest cubic CGL equation, with the linear gain
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and cubic loss [11], is always unstable (this instability was studied in detail in Ref. [12]; see
also Ref. [13]). The stability can be achieved in systems of linearly coupled equations, one of
which includes the linear gain, while the other – linear loss [14]. Exact stable solutions for
dissipative solitons can be found in the latter case [15]. Another well-known approach to the
stabilization of dissipative solitons makes use of the cubic-quintic (CQ) combination of loss
and gain terms, which includes the linear and quintic dissipation and cubic amplification, as
was first proposed by Petviashvili and Sergeev [16]. In optical media, the CQ setting can be
realized via a combination of the usual linear amplification and saturable absorption, see Ref.
[17] and references therein. More sophisticated schemes, using dual-core waveguides [18] and
quadratic nonlinearity [19], were proposed too. Under certain conditions, the CQ nonlinearity
may also be relevant for modelling the binary-fluid thermal convection [20]. Stable solutions
for dissipative solitons in the CQ CGL equation had been studied in detail [21] (similar results
were also obtained in the Swift-Hohenberg equation with the CQ nonlinearity [22]).
In this work, we aim to propose another setting capable of supporting stable dissipative

solitons, within the framework of the most fundamental model, i.e., the one with the cubic
nonlinearity only. The setting is based on an assumption that a narrow stripe providing for
local linear gain is built into a lossy planar waveguide. A qualitatively similar situation was
considered in Ref. [23], which predicted a possibility to support a pinned gap soliton in a fiber
Bragg grating by a local “hot spot”, that supplies local gain compensating the background loss.
The model with the local gain is also relevant in the case of the thermal convection, where it
implies the application of a local heating element at the bottom of the liquid layer.
Thus, we aim to look for stable localized solutions to the following version of the cubic

CGL equation,

ut =

(
D +

i

2
α

)
uxx − (ε− iβ) |u|2u+ (Γ1 + iΓ2) δ(x)u− γu. (1)

This notation is relevant for applications such as the convection, where time t is the evolutional
variable, while x is the spatial coordinate, and u may be a scaled local perturbation of the
temperature field. In optics, t is actually the propagation distance, while x is the transverse
coordinate in the planar waveguide, and u the local amplitude of the electromagnetic field. In
either case, γ ≥ 0 and Γ1 > 0 account, respectively, for the background linear loss and localized
gain (δ(x) is the Dirac’s delta-function). The local perturbation providing for the gain may
also change the refractive index in the optical waveguide, or local frequency of the convective
motion in the hydrodynamic model, which is taken into account by coefficient Γ2 in Eq. (1), that
may assume any sign. Further, coefficients D, α, ε, and β, respectively, represent the spectral
filtering in optics (or diffusion in the convection model), diffraction (or spatial dispersion in
the convection), nonlinear loss (which represents two-photon absorption in the case of the
optical waveguide), and Kerr nonlinearity (alias nonlinear dispersion, in the convection model).
Coefficients D and ε must be positive or zero. Each of these two coefficients which is not zero
may be scaled to be +1, i.e., D and ε will be either 0 or +1. The diffraction/spatial-dispersion
coefficient in Eq. (1), α, is defined to be positive (unless it is zero), then β and Γ2 may be
positive or negative (or zero), independently from each other.
In fact, the optical model always has D ≡ 0, as the light is not subject to diffusion in the

waveguide. Accordingly, we may impose normalization α ≡ 1 in that case. With regard to the
choice of ε ≡ 1 adopted above, the optical model is singled out by fixing

D = 0, ε = 1, α = 1, (2)

while β ≷ 0, Γ2 ≷ 0, and Γ1 > 0 remain arbitrary parameters. For the model of the binary-fluid
convection, in the most typical case [9] coefficients ε and α are negligible, while D is different
from zero, and β is negative. Thus, this model can be fixed by setting

D ≡ 1, ε = α = 0, β < 0. (3)

The main objectives of the analysis reported below are to find states pinned by the localized
gain in Eq. (1), and investigate their stability. A remarkable fact is that a particular family of
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pinned-soliton solutions in the optical version of the model, corresponding to coefficients fixed
as per Eq. (2), can be found in an exact analytical form. Exact solutions are available too in
the limit case of γ = 0 (no background loss, while the local gain is needed to compensate the
nonlinear loss, alias the two-photon absorption, accounted for by ε = 1). In the latter case, the
solution is weakly localized, decaying ∼ |x|−1 at large |x|, unlike the exponentially localized
soliton found for γ > 0; nevertheless, the weakly localized solution is meaningful, as it yields a
finite total power. The analytical results, which also include the analysis of the stability of the
zero solution and its relation to the existence of the pinned soliton, are presented in Section 2.
Next, in Section 3, we present more general soliton solutions and investigate their stability,
making use of direct simulations of Eq. (1). The simulations were run in a regularized model,
with the delta-function replaced by its ordinary Gaussian approximation,

δ̃(x) =
(√

πσ
)−1
exp

(−x2/σ2) , (4)

with finite width σ. The main finding is that pinned solitons, both the ones corresponding
to exact analytical solutions, and their numerically found counterparts in the general case,
are stable in the optical model. In addition, stable pinned breathers (periodically oscillating
localized states) are found too, but only if width σ of the gain-carrying stripe is large enough.
The paper is concluded by Section 4, where we summarize the results, and briefly discuss
directions for further studies of models of the present type.

2 Analytical results

2.1 Soliton solutions in the presence of the background loss (γ > 0)

Stationary solutions to Eq. (1) are sought for as u(x, t) = e−iωtUω(x), where complex function
Uω(x) satisfies an ordinary differential equation,

(γ − iω)Uω(x) =

(
D +

i

2
α

)
d2Uω(x)

dx2
− (ε− iβ) |Uω(x)|2Uω(x), (5)

at x �= 0, supplemented by the boundary condition (b.c.) at x = 0, which is generated by the
integration of Eq. (1) in an infinitesimal vicinity of x = 0,

(2D + iα) lim
x→+0

d

dx
Uω(x) = − (Γ1 + iΓ2)Uω(x)|x=0. (6)

This b.c. is written for even solutions, with Uω(x)(−x) = Uω(x).
Recall that cubic equation (5) with negative γ, which corresponds to the background gain,

rather than loss, has the well-known analytical solution for unstable solitary pulses [11], in the
form of

Uω(x) =
A

[cosh (κx)]
1+iμ

, (7)

where real coefficients A, κ and μ (the latter one is usually called chirp), as well as ω, are
uniquely expressed in terms of coefficients of Eq. (1). The first attempt to find exact localized
solutions to Eqs. (5) and (6) can be made using the ansatz suggested by expression (7),

Uω(x) =
A

[cosh (κ (|x|+ ξ))]1+iμ , (8)

where additional real parameter ξ may be either positive and negative. However, the analysis
demonstrates that ansatz (8) can never generate a relevant solution.
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On the other hand, Eq. (5) may also have a formal solution with cosh in Eq. (7) replaced
by sinh. While in the spatially uniform model such a solution makes no sense as it is singular,
it suggests to try another ansatz in the present case,

Uω(x) =
A

[sinh (κ (|x|+ ξ))]1+iμ , (9)

where ξ may be only positive, to avoid the singularity. The substitution of this ansatz in
Eq. (5) demonstrates that it provides for a correct solution if its parameters satisfy the following
algebraic equations:

(2D + iα)
(
2− μ2 + 3iμ

)
κ2 = 2 (ε− iβ)A2, (10)

(2D + iα) (1 + iμ)
2
κ2 = 2 (γ − iω) , (11)

Further, the substitution of ansatz (9) into b.c. (6) yields an extra equation:

tanh (κξ)

κ
=
(1 + iμ) (2D + iα)

Γ1 + iΓ2
. (12)

It is possible to check that, in the case of the thermal-convection model, with the parameters
fixed as per Eq. (3), Eqs. (10), (11), and (12) still have no physical solutions. However, they
do have relevant solutions in the case corresponding to the optical model, as fixed by Eq. (2).
Indeed, in the latter case it is possible to find the following explicit solution to Eqs. (10) and
(11) (these two complex equations are tantamount to a system of four real equations for A,
κ, μ, and ω):

A2 = 3γ/2, (13)

κ2 = (γ/4)
(√
8 + 9β2 − 3β

)
, (14)

μ = −(1/2)
(√
8 + 9β2 + 3β

)
, (15)

ω =
(
κ2/2

) (
μ2 − 1) . (16)

The next step is to substitute expressions (13)–(15) in Eq. (12). Note that this complex equation
gives rise to two constraints on the single remaining real parameter, ξ, hence the solution of the
present type can exist only if a special constraint is imposed on coefficients Γ1 and Γ2. A final
explicit result can be easily obtained in the particular case of β = 0 (the zero Kerr coefficient,
the nonlinearity in the optical model being represented by the two-photon absorption). Then,
expressions (13)–(15) simplify to

A2 = 3γ/2, κ2 = γ/
√
2, μ = −√2, ω = γ/

(
2
√
2
)
, (17)

and Eq. (12) reduces to

(Γ1 + iΓ2) tanh (κξ) =
(√
2 + i

)
κ. (18)

It is obvious that Eq. (18) has a real positive solution for ξ if the following relation is imposed
on Γ1 and Γ2,

Γ2 = Γ1/
√
2, (19)

the solution itself being

ξ =
1√
2
√
2γ
ln

(
Γ1 +

√√
2γ

Γ1 −
√√
2γ

)
. (20)

The substitution of expressions (17) and (20) in ansatz (9) yields the peak power (squared
amplitude) of the spatial soliton:

|Uω(x = 0|2 = A2

sinh2 (κξ)
≡ 3

2
√
2

(
Γ 21 −

√
2γ

)
. (21)
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The main physical characteristic of the localized beam is its total power,

Ptot =

∫ +∞

−∞
|u(x)|2 dx. (22)

The power of the solution given by expressions (9), (17) and (20) is

Ptot = Γ1 −
√√
2γ. (23)

This solution exists under condition Ptot > 0 (which is tantamount to |Uω(x = 0|2 > 0, see
Eq. (21)), i.e.,

Γ1 > (Γ1)thr ≡
√√
2γ. (24)

The meaning of threshold condition (24) is that, to support the pinned soliton, the local gain
(Γ1) must be sufficiently strong in comparison with the background loss, γ.

2.2 Soliton solutions for γ > 0

The above analytical solution for the optical model (the one which corresponds to para-
meters (2)) admits a nontrivial limit for γ → 0, which implies that the local gain compen-
sates only the nonlinear loss, accounted for by ε ≡ 1 in Eq. (1). First, with regard to the fact
that κ is vanishing ∼ √γ at γ → 0 (see Eq. (14)), Eq. (12) yields, in this limit,

ξ =
−μ+ i
Γ1 + iΓ2

. (25)

The condition for ξ, as given by this expression, to be real and positive, is

Γ2 = (1/4)
(√
8 + 9β2 − 3β

)
Γ1. (26)

Note that Eq. (26) reduces to condition (19) for β = 0.
Assuming that constraint (26) holds, Eq. (25) yields ξ = 1/Γ2. Next, entire solution (9)

assumes the following analytical form:

Uγ=0(x) =
2−1/4

√
3(|x|+ Γ−12 )1+iμ , (27)

where μ is given by expression (15), an unessential overall phase shift of the solution (in com-
parison with the underlying expression (9)) was dropped, and this solution has ω = 0, as follows
from Eq. (16). Note that the existence of solution (27) does not require any threshold condition,
unlike Eq. (24), in accordance with the fact the solution pertains to γ = 0.
In contrast to the pinned soliton (9) with κ �= 0, which exists in the general case considered

above, γ > 0, solution (27) for γ = 0 is localized not exponentially, but only algebraically,

with |Uγ=0(x)| ∼ |x|−1 at |x| → ∞. Nevertheless, this weakly localized state is a physically
meaningful one, as the respective total power (22) converges,Wtot(γ = 0) =

√
2Γ2, which agrees

with Eq. (23). Note that Wtot(γ = 0) does not depend on β.

2.3 The stability analysis for the zero solution, and its relation to the existence
condition for the pinned soliton

A consistent stability analysis of the pinned-soliton solution was performed by means of
numerical simulations, as reported in the next section. Nevertheless, it is possible to check,
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in an analytical form, the stability of the zero solution, which is an obvious prerequisite for
the soliton’s stability. To this end, we use the linearized version of Eq. (1),

(ulin)t =

(
D +

i

2
α

)
(ulin)xx − γulin + (Γ1 + iΓ2) δ(x)ulin. (28)

It is obvious that delocalized eigenmodes of small perturbations obeying Eq. (28) with γ ≥ 0
and D ≥ 0 cannot give rise to any instability. The critical role is played by localized eigenmodes,
which may develop an instability due to the presence of the local gain. Localized solutions to
Eq. (28) are looked for as

ulin(x, t) = A0e
σteil|x|−λ|x|, (29)

where A0 is an arbitrary amplitude, localization parameter λ must be positive (while wavenum-
ber l may have either sign), and σ is a complex instability growth rate. The instability takes
place for Re (σ) > 0. The substitution of expression (29) in Eq. (28) at x �= 0 yields the
respective dispersion relation,

σ = (D + iα/2) (λ− il)
2 − γ, (30)

and the substitution in the b.c. at x = 0,(
D +

i

2
α

) [(
∂u

∂x

)∣∣∣∣
x=+0

−
(
∂u

∂x

)∣∣∣∣
x=−0

]
= − (Γ1 + iΓ2)u|x=0,

cf. Eq. (6), yields

λ− il =
Γ1 + iΓ2
2D + iα

. (31)

Finally, inserting expression (31) into Eq. (30), we arrive at the following result for the instability
growth rate:

σ =
(Γ1 + iΓ2)

2

2 (2D + iα)
− γ. (32)

It follows from Eq. (31) that the stability condition for the zero solution, Re (σ) ≤ 0, amounts
to inequality

2γ ≥ Re
{
(Γ1 + iΓ2)

2

2D + iα

}
. (33)

On the other hand, the following relation can be readily derived, in the general case, from Eqs.
(11) and (12):

γ − iω = tanh2 (κξ)
(Γ1 + iΓ2)

2

2 (2D + iα)
.

The real part of this relation gives

2γ = tanh2 (κξ) Re

{
(Γ1 + iΓ2)

2

2D + iα

}
. (34)

An obvious condition necessary for the existence of the pinned soliton is tanh2 (κξ) < 1, hence
Eq. (34) implies that the soliton may only exist in parameter region

2γ < Re

{
(Γ1 + iΓ2)

2

2D + iα

}
,

which is exactly opposite to the stability condition of the zero solution, as given by Eq. (33).
Thus, the pinned-soliton solution emerges precisely at the point where the zero solution loses
its stability to the local perturbation. This finding suggests that the pinned soliton has a good
chance to be stable, as a solution generated by the standard pitchfork bifurcation [24].
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3 Numerical results

3.1 Self-trapping and stability of the pinned solitons

Equation (1) with parameters fixed as per Eq. (2) for the optical model, and δ(x) approximated
by function (4), was simulated by varying parameters γ, β, and Γ1,2. The initial configuration
was taken as

u0(x) = sech(x) + ζfrand(x), (35)

where frand(x) is a standard random function, and ζ is an amplitude of the random perturbation
(typically, ζ = 0.1 was used). The latter term was added to test the stability of the results
against random perturbations. A stable pinned soliton was registered if, for given parameters
γ, β, Γ1,2, input (35) would consistently self-trap into a stationary localized pulse.
The first set of relevant numerical results displays, in Fig. 1, the minimum (threshold) value

of the local-gain strength, Γ1, which is necessary for the existence of the stable pinned soliton,
versus the strength of the background loss, characterized by

√
γ, for β = 0 and three fixed values

of the local perturbation of the refractive index, Γ2 = +1, 0,−1. In addition, Fig. 1 shows the
threshold value of Γ1 as a function of

√
γ under relation (19), which is the condition for the

validity of the analytical solution represented by Eqs. (9), (17), and (20), in the case when δ(x)
is the exact delta-function. It is seen that the analytical prediction for the threshold, as given
by Eq. (24), is virtually identical to the respective numerical findings, despite the difference of
approximation (4) from the ideal delta-function. This figure also clearly demonstrates that the
analytical solutions represent only a particular case of an essentially broader family of stable
solitons that can be found in the numerical form (including those which correspond to fixed
Γ2 = ±1 and 0 in Fig. 1).
We have also investigated the effect of the Kerr coefficient, β, on the threshold value of Γ1.

The result of the systematic simulations is that varying this coefficient within interval −1 ≤
β ≤ +1 does not produce any tangible change in the threshold.
The shape of a typical analytical solution for the pinned soliton, and a set of approximations

to it provided by the use of approximation (4), with several different values of width σ, are
displayed in Fig. 2. All these pinned states are stable as solutions to Eq. (1) with δ(x) replaced

by δ̃(x), as per Eq. (4).
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Fig. 1. (a) Chains of symbols show the minimum value of the local gain, Γ1, which is necessary for
the existence of stable pinned solitons. The minimum value was found, from systematic simulations of
Eq. (1), as a function of the background loss (γ), in the model with D = β = 0, α = ε = 1, and δ(x)
approximated as per Eq. (4) with σ = 0.1. Values of the local perturbation of the refraction index, Γ2,
are fixed here as indicated in the box. For Γ2 = ±1 and 0, the lines are guides for the eye, while the
straight line for the case of Γ2 = Γ1/

√
2 is the analytical prediction given by Eq. (24).
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Fig. 2. A generic example of the profile of the exact solution for the pinned soliton given by Eqs. (9),
(17), and (20), and a set of approximations generated by the regularized delta-function defined as per
Eq. (4). All the profiles with σ > 0 correspond to stable solutions of Eq. (1), with δ(x) substituted
by δ̃(x). Other parameters are D = β = 0, α = ε = 1, γ = 0.25, Γ1 = 0.6155, Γ2 = Γ1/

√
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Fig. 3. Self-trapping of the input pulse into the stable pinned soliton in the model without the back-
ground linear loss, γ = 0, Other parameters are D = β = 0, α = ε = 1, Γ1 = 0.8, Γ2 = Γ1/

√
2 (the

latter relation corresponds to condition (19) for the applicability of exact solution (27)), and σ = 0.1
in Eq. (4).

It is worthy to note that the analytical solution imposes no upper limit on local gain Γ1. In
agreement with this, numerical results (not shown here) demonstrate that the pinned solitons
exist and remain stable, at least, up to Γ1 = 10 (still larger values were not checked). In

accordance with the fact that, as follows from Eqs. (20) and (21), ξ ≈ √2/Γ1 is small for large
Γ1, while the amplitude of the pinned soliton is large, |U(x = 0)| ≈

(√
3/23/4

)
Γ1, relatively

narrow and tall stable pinned solitons are produced by the simulations in this case.

The stability of the weakly localized solitons predicted by analytical solution (27) for γ = 0
was verified too. Figure 3 shows a typical example of the self-trapping of perturbed initial pulse
(35) into the soliton, in such a case. In the general situation, the evolution of arbitrary input
pulses into stable pinned solitons is quite similar to the example displayed in Fig. 3.

To further test the robustness of the pinned solitons as attractors in Eq. (1) of the CGL
type, we also studied the evolution of inputs with the odd (antisymmetric) profile,

u0(x) = (sinx) sech(x) + ζfrand(x), (36)
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Fig. 4. (a) Spontaneous transformation of the real antisymmetric input (36) into a stable symmetric
pinned soliton. (b) The top and bottom panels display profiles of the real and imaginary parts of the
field and its absolute value in the input pulse and established soliton. Parameters are D = β = 0,
α = ε = 1, γ = 0.1, Γ1 = 0.8, Γ2 = Γ1/

√
2, and σ = 0.1.

as opposite to the symmetric profile of the trapped solitons. In this case, the simulations always
demonstrate that the antisymmetric profile spontaneously and quickly transforms itself into
a symmetric one. A typical example, which illustrates this dynamical feature, is displayed
in Fig. 4.
It is relevant to mention that the profiles of the self-trapped solitons observed in Figs. 3

and 4 are quite close to the analytical predictions given, for these cases, by Eqs. (27) and (9),
(17), (20), respectively. Some difference from the exact analytical results is explained by the
use of approximation (4) with σ = 0.1, cf. Fig. 2.

3.2 Stable breathers supported by a broad gain region

The situation revealed by the numerical simulations becomes essentially different in the case
of large σ in Eq. (4), i.e., when the local gain is supplied in a broad region. In that case,
direct simulations do not demonstrate self-trapping into stationary solitons; instead, a generic
outcome is the formation of stable breathers featuring regular intrinsic oscillations. In fact, the
width of the established breather is on the same order of magnitude as σ, see a typical example
in Fig. 5. It seems plausible that, with the increase of σ, the static pinned soliton is destabilized
via the Hopf bifurcation [24] which gives rise to the stable breather, but in this work we did
not aim to find the exact location of the bifurcation point.



242 The European Physical Journal Special Topics

−20

−10

0

10

0

20

40

60

80

100
0

1

2

xt

|u
|2

Fig. 5. A typical example of a stable breather produced by simulations of Eq. (1) with δ(x) replaced
by approximation δ̃(x) with large width σ (in this example, σ = 2, the other parameters being D = 0,
α = β = ε = Γ2 = 1, Γ1 = 4, and γ1 = 0.1).

4 Conclusion

In the present work, we have proposed a modification of the cubic CGL (complex-Ginzburg-
Landau) equation, which can support stable localized states through the combination of the
localized gain and background linear loss. Straightforward realizations of the model are possible
in planar optical waveguides, that may serve as laser cavities, and in a completely different
physical setting, viz., the thermal binary-fluid convection. Assuming that the localization of
the gain is accounted for by the delta-function, and imposing one constraint on parameters
of the CGL equation, we were able to find the exact solution for the pinned soliton. This
solution is localized exponentially in the presence of the background loss, γ > 0, and becomes
weakly localized, ∼|x|−1, in the limit case of γ = 0. Numerical simulations with the delta-
function replaced by the finite-width Gaussian demonstrate that the pinned solitons are stable,
and they exist in the general case as well, when the analytical solution cannot be found. If
the localization region of the gain becomes comparable to the size of the soliton, the latter is
replaced by a stable breather, which is presumably generated by the Hopf bifurcation.
The analysis of the model introduced in this paper can be extended in different directions.

In particular, it may be interesting to consider a symmetric set of two gain-carrying spots.
One may expect symmetry-breaking transitions in that setting (a transition from a symmetric
trapped state to a asymmetric one), similar to recently studied symmetry-breaking bifurcations
of dissipative solitons in systems of linearly coupled CGL equations [25]. Another interesting
generalization may be to introduce a two-dimensional version of the model, and study solitons
in that case, including solitary vortices (spiral waves), which were studied in detail in the two-
dimensional CGL equation with the cubic-quintic nonlinearity [26]. Models combining systems
of coupled CGL equations and the localized gain may be relevant too.
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