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Abstract: We study the dynamics of lasers with nonlinear 
loss theoretically. Our simulations show that depending on the 
laser parameters, the laser output can exhibit stable, periodic 
bifurcation, or chaotic behavior. 
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1. INTRODUCTION 
The nature of the loss in a laser cavity affects the laser 

dynamics. In some lasers, the overall loss of their components 
depends on the intensity of the light propagating in the 
cavities. For example, the nonlinear loss characteristics of 
saturable absorbers are commonly used to modelock lasers. 
Recently, multiwavelength erbium-doped fiber lasers 
employing nonlinear loss mechanisms such as nonlinear 
polarization rotation (NPR), nonlinear optical loop mirror 
(NOLM), and saturable inhomogeneous gain medium have 
been reported [1-3].  However, the effect of the nonlinear 
loss on the dynamics of these lasers has not been investigated. 
In this paper, we discussed the nonlinear dynamics of lasers 
with nonlinear loss based on a simple laser model. Our results 
show that lasers with nonlinear loss can exhibit complex 
nonlinear dynamical behavior including steady state, periodic 
bifurcation, and chaos. 

2. THEORETICAL MODEL 
We assume a general laser model in which only a gain 

element and a loss element are employed in the resonant 
cavity. All the losses in the laser are lumped into the loss 
element. For simplicity we assume that there is only one laser 
mode. We will extend the study to include multiwavelength 
laser in subsequent investigations. We model the saturable 
gain of the laser by 

0/ /(1 )satdP dz g P P P= +                            (1) 
where g0 is the small signal gain coefficient, Psat is the 
saturation power, and z is the distance along the gain element. 
The gain is considered as a lump element, thus the small 
signal gain Gs = exp(g0L) where L is the length of the gain 
elements is the parameter we vary in this study. The power at 
the output of the gain element ( )out in

g gP P  as a function of the 

input power in
gP  of the gain element can be obtained by 

solving (1). The superscript g represents quantities related to 
the gain. The output at the loss element of the loss is given by 

( )out in
l lP P  where the superscript l denotes quantities related to 

the loss elements and  is the input power to the loss 
element. In the following, we studied the dynamics of the 
laser when  is a non-monotonic function of  such as 
in the cases of NPR and NOLM. The specific function we 
used in the simulations is 
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where T0 < 1 and γ are constants. 

3. RESULTS AND DISCUSSIONS 
We studied the dynamics of the laser by iterating (1) and 

(2). Fig. 1 plots the output power versus the input power for 
the loss element, i.e. ( )out in

l lP P , and the input power versus the 

output power for the gain element, i.e. ( )in out
g gP P  for three 

different values of Psat. In the simulation, the small signal gain 
Gs is chosen to be 30 dB. The parameters T0 and γ are chosen 
to be 0.9 and 1.0 respectively. Fig. 1 can be used to determine 
the evolution of the laser. In Fig. 1(a), Psat in (1) is chosen as 
0.1 W. Consider Fig. 1(a) and assume that the laser starts 
from noise. Thus the initial input power to the gain element is 
small and we start from the y-axis at the lower left corner of 
Fig. 1(a). Using the gain curve, the output power after the 
gain can be read from the x-axis which serves as the input to 
the loss element. Then using the loss curve, the output of the 
loss can be read from the y-axis which is the input to the gain. 
The process is repeated until we reach the intersection point 
of the gain curve and the loss curve which is the steady state 
operation point of the laser. From Fig. 1(a), the steady state 
operation point of the laser is stable. 

When Psat increases, the gain curve shifts towards higher 
power, thus the steady state solution will also shift towards 
higher power. As a result, the power of the steady state 
solution will become larger than that of the first loss peak. We 
noted that as Psat increases, the laser will have a stable steady  



 

Table 1 The bifurcation points 

2n 2n
satP  2 2n n n

sat sat satP P PΔ = −  2n n
sat satP PΔ Δ

2 0.34947003   
4 0.41143583 6.19658E-2  

8 0.41881607 7.38024E-3 8.39618 
16 0.42040885 1.59278E-3 4.63356 
32 0.42074855 3.39701E-4 4.68877 
64 0.42082131 7.27564E-5 4.66902 
128 0.42083689 1.55833E-5 4.66886 

output power if the power of the steady state solution is 
smaller than that of the first loss peak (Fig. 1(a)) or remains 
close to the power of the loss peak if the power of the steady 
state solution is larger than that of the first loss peak (Fig. 
1(b)). However, if the power of the steady state solution is 
sufficiently larger than that of the loss peak as in Fig. 1(c), the 
steady state solution becomes unstable and the output power 
of the laser oscillates between two values, i.e. a period 2 
periodic solution. If Psat is increased further, the output of the 
lasers will oscillate among four values, i.e. a period 4 solution. 
The bifurcation of the periodic solutions will continue as Psat 
increases and eventually the laser output becomes chaotic. Fig. 
2 shows the bifurcation diagram of the output power after the 
gain elements as a function of Psat. 

To estimate the nonlinear system dynamics, we can use the 
Lyapunov exponent which is defined as [4]: 

{ }
0

1
0( ) lim ln ( )n

n x xn
x dF x dx

=→∞
λ =         (3) 

Fig. 3 shows the Lyapunov exponent versus Psat. We note that 
the first bifurcation point of Fig. 2 can be found from the 
Lyapunov exponent. The bifurcation points should have zero 
Lyapunov exponents, and other stable points will have 
negative values, so as pointed out in Fig. 3, the points with 
local maximum Lyapunov exponents are the bifurcation 
points and the values are shown in Table 1. The ratios of the 
intervals of the bifurcation points are the Feigenbaum 
constant [4] which is an important property of chaotic system. 
We note that between two bifurcation points, there are some 
points, e.g. Psat = 0.392 W, have infinite small Lyapunov 
exponents. These points are superstable points which are very 
stable on the solutions. The Lyapunov exponent only can be 
positive after the onset point of chaos Psat = 0.42085 W in 
Fig.3. Positive Lyapunov exponent means chaotic system and 
the points drop to negative suddenly corresponding to the 
intervals that have periodic solutions even after the onset 
point of chaos. 

4. SUMMARY 
Using a simple laser model that includes only a saturable 

gain and a nonlinear loss element which was modeled after 
nonlinear polarization rotation effect, we found that the laser 
can exhibit complex nonlinear dynamics including steady 
state, periodic, and chaotic output. The model will be 
extended to study the dynamics of multiwavelength lasers and 
the implication on the performance of the lasers. 
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Fig. 3: Lyapunov exponent of the laser 
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Fig. 1: Input-output power relations for the gain and loss elements for 

different Psat (a) 0.05W (b) 0.2W and (c) 0.351W 
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   Fig. 2: Bifurcation diagram of gPout  versus satP . 
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