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Abstract —
We obtain a simple and fast method to estimate the

energy of the stable soliton solutions for a given bit
rate in a dispersion-managed soliton communication
system utilizing chirped fiber gratings for dispersion
compensation. The estimates are in good agreement
with the simulation results.

I. Introduction

Recently, dispersion management becomes a key compo-
nent in high speed long-haul optical communication systems.
Among the many different dispersion compensating methods,
the use of chirped fiber gratings (CFGs) is an effective one be-
cause of the large lumped dispersion given by a short grating
length. Also, CFGs can compensate higher order dispersion,
have low insertion loss and no nonlinear effects. It has been
shown that solitons exist in dispersion-managed (DM) systems
utilizing CFGs for dispersion compensation [1, 2].

There are no analytical method to determine the soliton
solutions in DM systems compensated by chirped fiber grat-
ings. Numerical averaging method which can determine the
periodic stable soliton solutions in a given DM system and
initial pulse energy have been developed [3]. Similar to classi-
cal solitons, the widths of the solitons given by the algorithm
depend on the input pulse energies only which are conserved
by the numerical algorithm. We are, however, interested in
the inverse problem, i.e., for a given DM system and trans-
mission rate (hence the pulse width), we want to determine
the energies of the DM solitons. Of course, we can use the
numerical averaging algorithm and interpolation to find the
pulse energy for a particular transmission rate. The process,
however, can be time consuming.

In this work, we present a useful and efficient procedure to
obtain the Gaussian pulse width and energy of the DM soliton
solution in a given grating compensated dispersion-managed
communication system [4]. We will layout the procedure to
obtain the pulse parameters in DM systems. We also show
that our results are in good agreement with those obtained
using our semi-analytical method [3].

II. Variational analysis

Pulse propagation in DM systems is governed by the non-
linear Schrödinger equation
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where q is the envelope of electric field, z is the normalized
transmission distance, and t is the normalized time. The pa-
rameter β(z) is the coefficient of group velocity dispersion
(GVD) along the transmission distance and γ represents the
nonlinear Kerr coefficient. The GVD parameter β(z) = β for
z �= (n+1/2)L, where n is an integer and L is the length of pe-
riodic dispersion function called dispersion map. The gratings
are located at z = (n+1/2)L and their actions are given by the
transfer function F (ω) such that q̃out(z, ω) = F (ω)q̃in(z, ω),
where ω is the angular frequency, q̃in and q̃out are the pulse
spectra before and after the gratings.

The CFGs have group delay ripples which is the result of
imperfections in the grating manufacturing processes. The
ripple period of group delay ripples in chirped fiber gratings
can be as small as 10 picometer which is much shorter than
the signal bandwidth in our study. The effect of group delay
ripples is to modify the grating dispersion. When the signal
bandwidth is larger than the ripple period, the effect of group
delay ripples is small and the effective grating dispersion is
equal to the mean grating dispersion [2]. We, therefore, ne-
glect the effect of ripples in the following analysis. The filter
transfer function is modeled as

F (ω) = exp(igω2/2), (2)

where g is the average lumped dispersion of the grating.
Equations (1) and (2) can be solved by the variational

method. We choose a Gaussian ansatz
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where x1, x2, x3, x4, x5, and x6 depend on z and correspond
to the amplitude, temporal position, width, quadratic phase
chirp, center frequency and phase, respectively, of the pulse.
The evolution of the pulse width and chirp parameters in the
optical fibers is given by the following coupled equations,
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where E0 = x2
1x3 is a constant proportional to the energy of

the Gaussian pulse. We launch the pulse at the mid-point of
the anomalous dispersion fiber into the DM systems. During
the pulse propagation, the DM soliton reaches the minimum



pulse width, x3−, at the mid-point of the anomalous dispersion
fiber. When DM soliton reaches the end of the fiber segment,
the pulse width breathes to the maximum (x3m) and the pulse
will enter a CFG for dispersion compensation.

To model the effect of the CFG, we let the length of the
grating shrinks to zero while holding the lumped dispersion
of the grating to a constant. Since the nonlinear Kerr effect
induced by gratings is proportional to the grating length, we
solve Eqs. (4) and (5) by setting the nonlinear coefficient
γ = 0 in the chirped fiber grating, we have the effect of the
CFG is determined as

x2
3out = x2

3inH,

x4out = [x4in − g(x2
4in + 4/x4

3in)]/H, (6)

H = g2(x2
4in + 4/x4

3in) − 2gx4in + 1,

where yin and yout represent the values of the parameter y at
the input and the output of the grating.

The DM soliton breathes to the maximum pulse width x3m,
at the input of the grating, i.e., x3in = x3m. We found that
the width of DM soliton enters the grating is the same as that
output of the grating, i.e. x3in = x3out. From Eqs. (6), the
grating will reverse the chirp of the soliton without changing
its width if H = 1. Then, x4in can be expressed as
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)
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where the subscript ± represents the two possible values of
the chirp for any given lumped grating dispersion value g and
maximum pulse width x3m. But for the complete DM sys-
tem comprising of fiber and grating, we find only one value
of the chirp (either x4in+ or x4in−) is useful for the periodic
evolution of the pulse parameters. We can determine which
value of x4in should be used for a given minimum pulse width
of the DM systems, x3−. When x3m =

√
2g, we can obtain

the corresponding minimum pulse width called Tmin and both
values of x4in+ and x4in− are equal to 1/g. This value of Tmin

is used to choose whether x4in+ or x4in− should be used. For
any given DM systems, if the minimum pulse width in the
system, x3−, is less than the value of Tmin, we have to use
x4in+ in Eq. (7), otherwise we use x4in−. Thus the value of
chirp enters the grating can be calculated.

After determining the choice of x4in, we will find the pulse
energy by using the coupled equations which governs the pulse
evolution in optical fibers. Taking the derivative of Eq. (4)
with respect to z and then substituting Eq. (5), the resulting
equation is a function of x3. Integrating the equation with
respect to x3, we get(
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where c is the constant of integration. At the middle of the
anomalous dispersion fiber, the pulse width reaches its min-
imum, i.e., dx3/dz = 0. The value of integration constant
is

c = 2β2/x2
3− +

√
2βγE0/x3−. (9)

Then, substituting Eqs. (4) and (9) into Eq. (8) by putting
the parameters of the pulse reaches the grating, i.e., x3 = x3m

and x4 = x4in. We have
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Integrating Eq. (8) with respect to z, we find the length of
the fiber to be

L = 2G − γβE0 ln(4cx3− − 2
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III. Lossless grating compensated DM systems

We have to find the value of Tmin for any given DM system
with values of L, β, γ and g in order to determine the use
of x4in+ and x4in− in the calculation. Substituting the con-
dition on choosing x4in, i.e., x3m =

√
2g and x4in = 1/g, in

Eqs. (10) and (11), the resulting equation becomes a transcen-
dental equation with the variable x3− which can be numeri-
cally solved to obtain the value of Tmin. Then, we compare
the value of Tmin and our required pulse width x3− for the
DM systems, the choice of x4in in Eq. (7) is determined.

The pulse energy can be calculated from Eq. (10). We
launch the initial pulse at the mid-point of fiber segments
in DM systems and the initial pulse width is the minimum.
Given the input Gaussian pulse width x3−, we know the choice
of x4in. The values of parameter β and γ are given by the DM
systems. Therefore, we have to find x3m in order to obtain the
pulse energy for the required pulse width of DM solitons. Us-
ing Eqs. (7), (10) and (11), we get a transcendental equation
for x3m which can be solved by numerical iterations. Then, the
Gaussian pulse energy can be calculated by Eq. (10). There-
fore, the initial pulse parameters of stable soliton solution for
any given DM system compensated by CFGs is found.

The results obtained by variational analysis are well-known
to be qualitatively correct. To illustrate the effectiveness of
our method for lossless DM systems, we use direct numeri-
cal simulations to find the periodic DM soliton solutions and
compare the simulated results with the analytical results.

We consider a DM system consists of fiber dispersion co-
efficient of 1 ps/km/nm with length of 50 km and we com-
pared three DM systems that respectively used three values
for lumped grating dispersion as −39.73 ps/nm, −43.15 ps/nm
and −46.58 ps/nm for the same fiber dispersion and the length
of dispersion map. So, the average dispersion in three sys-
tems is different: 0.21 ps/km/nm, 0.14 ps/km/nm and 0.07
ps/km/nm. The values of Tmin that determine the choice of
x4in in these DM systems are 5.82 ps, 6.69 ps and 7.38 ps,
respectively.

Figures 1 (a), (b) and (c), respectively show the input full
width at half maximum intensity (FWHM) of three different
DM systems versus the input pulse energy E0. We use the
results of our analytical method as the initial parameters in
the numerical simulation. The solid and dashed curves respec-
tively represent the results obtained from our method and the
numerical simulation. Results presented in Figs. 1 show that
our procedure is very useful in finding the input parameters
of soliton solutions of any given DM system.

IV. Lossy grating compensated DM systems

For finding the fixed point parameters of the DM line with
loss and gain, we adopt the following simple procedure. Let
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Figure 1: The initial pulse width as a function of pulse energy E0

in three grating dispersions: (a) −39.73 ps/nm, (b) −43.15 ps/nm

and (c) −46.58 ps/nm.

us consider DM systems with anomalous average dispersion
which are useful for communications [5]. In the absence of
optical losses the presence of the grating at the mid-point of
the fiber is good as the input energy is available throughout
the dispersion map. The fiber lengths in the first section (i.e.,
the section of the fiber before the grating) and the second sec-
tion (i.e., the section of the fiber after the grating) in each
dispersion map will be the same and equal to L/2. Due to
the losses the input energy will not be available throughout
the dispersion map. As the energy will be exponentially de-
creasing, we like to shift the location of the grating in such a
way that the average dispersion of the second section of the
dispersion map is decreased with respect to the first section
similar to the decrease in energy. So after shifting the loca-
tion of the grating, the modified dispersion map will have L1

length of fiber in the first section and L2 length of fiber in the
second section. But the total fiber length of each dispersion
map L1 + L2 = L will not be altered and hence the average
dispersion of the DM system. The new fiber lengths at each
section can be calculated by adjusting the respective average
dispersion. If E is the energy available at the output of the
grating then the average energy in the second section of the
dispersion map will be

Ea =
E

αL2
[1 − exp(−αL2)], (12)

where α is the loss coefficient of the fiber. Now we decrease
the average dispersion of the second section of the map with
the same proportion as the energy:

βa2 =
βa

αL2
[1 − exp(−αL2)], (13)

where the average dispersion of the second-half of the disper-
sion map with the assumption L2 = L/2 is βa = (g + Lβ)/L
(note that the grating dispersion value is equally divided as
g/2 for calculating the average dispersion of the individual sec-
tion of the dispersion map). We can also express the adjusted
average dispersion of the second section as

βa2 =
1

L2

(
g

2
+ βL2

)
. (14)

Equating Eqs. (13) and (14) we derive the transcendental
equation with L2 as

g

2
+ βL2 =

βa

α
[1 − exp(−αL2)], (15)

which can be solved iteratively by assuming the initial value of
L2 = L/2. But for most practical amplification lengths (≤ 75
km), we find that the difference between the first iteration
value of L2 resulting from assumption that L2 = L/2 and the
exact solution of the transcendental equation (15) is less than
1%. Hence with a valid assumption that L2 = L/2 in Eq. (13)
and equating it to Eq. (14), we can calculate the new fiber
length L2 as

L2 =
αgL

4βa[1 − exp(−αL/2)] − 2αβL
. (16)

Hence the decrease in the fiber length in the second section
of the dispersion map will be La = L/2 − L2. Then the new
length of the first section of the fiber has to be L1 = L/2+La

for maintaining the same total length and average dispersion
of the dispersion map. In total we are systematically shifting
the location of the grating in the dispersion map from the
knowledge of the average energy available to the DM system
due to losses.

To calculate the input parameters of the fixed point we con-
struct a virtual lossless dispersion map with average disper-
sion higher than that of the first section of the lossy dispersion
map. In other words, we can say that the lossy DM system
after shifting the grating location can be mapped to a lossless
DM system with higher average dispersion than the lossy sys-
tem. For that we consider the lossless DM system with same
lumped grating dispersion g and fiber GVD parameter β but
with length 2L1. We use the above method for finding the
input pulse parameters (x3− and E0) of the virtual lossless
dispersion map. We find that the pulse width x3− and the
energy E0 (calculated for the virtual lossless dispersion map)
work very well as the input pulse width and average energy
available for the first-half of the lossy DM system. That is
after finding x3− and E0 for the virtual lossless map the input
energy for the lossy system can be calculated as

Ein =
E0αL1

1 − exp(−αL1)
. (17)

To summarize, for lossy DM line we need to calculate the
fiber length La of the desired dispersion map as

La =
L

2

{
1 − gα

2βa[1 − exp(−αL/2)] − βαL

}
. (18)

Then modify the dispersion map as L/2+La length of anoma-
lous dispersion fiber followed by grating and then L/2 − La

length of anomalous dispersion fiber. The input pulse width
(x3−) of the modified lossy DM system will be the same as the
virtual lossless DM system with fiber length L+2La. But the
input energy (Ein) of the modified lossy DM system has to be
calculated using Eq. (17), from the knowledge of the input
energy (E0) of the virtual lossless DM system. Figures 2 (a),



L / 2

(first section) (second section)

L / 2

(a) Lossy Dispersion Map

g

L1 = L / 2 + La

(first section) (second section)

(b) Modified Lossy Dispersion Map

L2 = L / 2 - La
g

L1

(c) Virtual Lossless Dispersion Map

g
L1

 
 
 Figure 2: Schematic diagram showing the modeling of the lossy

DM system.

(b) and (c) respectively show the schematic of the given dis-
persion map, modified dispersion map and the virtual lossless
dispersion map.

To show the effectiveness of our method for lossy DM sys-
tem, we consider the same above lossless cases considered in
Fig. 1 but now with loss coefficient α = 0.2 dB/km. For these
DM systems, using Eq. (15) we have numerically calculated
the L2 values to be 22.76 km, 23.54 km and 24.29 km respec-
tively. Also, using Eq. (16) we have analytically calculated
the L2 values to be 22.62 km, 23.49 km and 24.28 km respec-
tively. From these L2 values one can see that the differences
are less than 1%. As these L2 values are very close it is not
making any difference when we use any of these L2 value in
the averaging method. Hence one can use Eq. (16) to ana-
lytically calculate the value of L2. Figures 3 (a), (b) and (c),
respectively show the input pulse widths of three different DM
systems with losses and gain versus the input energy Ein. The
solid and dashed curves respectively represent the results ob-
tained from our method and Nijhof et al averaging method [3].
From our method we consider the input pulse is a chirp-free
Gaussian pulse. But when we use our results as the input for
the averaging method, the resulting numerical fixed point has
some small initial chirp. Figure 4 shows the value of the initial
chirp calculated from averaging method versus the input en-
ergy Ein. The solid, dashed and dot-dashed curves represents
the chirp values from DM system with lumped grating dis-
persion values -39.73 ps/nm, -43.15 ps/nm and -46.58 ps/nm,
respectively. This shows that our method is also very effective
for the lossy DM system.

V. Conclusion
In conclusion we have presented an easy method for find-

ing the input parameters of all the possible fixed points for
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Figure 3: Plot showing the input pulse width at the beginning

of the first section of the dispersion map of the lossy DM system

with lumped grating dispersion values (a) -39.73 ps/nm, (b) -43.15

ps/nm and (c) -46.58 ps/nm. Solid and dashed curves correspond

to the results of our method and averaging method respectively.
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any given DM system. Here we have considered the case of a
CFG as a lumped dispersion compensator. But our method
can be used not only in the case of CFG dispersion compen-
sator but also with any lumped dispersion compensator which
can be approximated as a point function without any loss or
nonlinearity. Although the input parameters that can be ob-
tained from our method deviate slightly from those obtained
from the averaging method particularly in the lossy case where
there is some small chirp, in practical situation our method
can be used as an handy tool for modeling any DM system
compensated by CFGs.
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