
 

 

Abstract 
 We apply multi-scale analysis to the Fourier domain mode-
locked fiber laser model and reduce the simulation time by 100 
times for the same accuracy. We calculate the point spread 
functions to characterize the coherence length. 

I.  INTRODUCTION 
Recently Fourier domain mode locked (FDML) fiber 

lasers have attracted much attentions owing to promising 
applications in optical coherent tomography (OCT) and 
other sensing systems [1]. FDML fiber laser systems use 
a few kilometers of fiber to buffer the several 
microseconds highly chirped optical signal. The central 
frequency of the narrow bandpass sweep filter sweeps 
repeatedly in more than 10 THz frequency range. 
Numerically, it is very difficult to directly simulate a 
signal with such high, more than 108, time-bandwidth 
product. By following the sweeping filter, C. Jirauschek 
et al. proposed a theoretical model which limits the 
simulation to a narrow frequency window [2,3]. Although 
this model can reduce the simulation time by about two 
orders of magnitude, it is still very computational 
intensive because it includes physical effects of very 
different magnitudes together. The time consuming 
model in Ref. [2] and [3] is not useful in design and 
optimization of FDML fiber laser performance. In this 
paper, we use multiple scale analysis to derive an 
equation governing the evolution dynamics of FDML 
fiber lasers. We found that the resulting WKB 
approximation can significantly reduce the computation 
requirements without affecting the accuracy of the results. 
We compute the point spread functions (PSF) which has 
not reported in previous simulation studies in the 
literature. 

II.  THEORETICAL MODEL 

 
Figure 1 shows the schematic of a FDML fiber laser 

cavity which consists of a semiconductor optical 
amplifier (SOA), a segment of optical fiber, a tunable 
bandpass filter (TBF) and a coupler to output the signal. 
The representation of the signal in the cavity is based on 

the moving frequency frame model proposed in Ref. [2,3]. 
The laser dynamics in the cavity shown in Fig. 1 is 

described by the equation [2,3], 
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where u(z,t) is the slowly varying envelop of the electric 
field, g(ω0) and a(ω0) are the gain and loss coefficients 
evaluated at the instantaneous sweep filter center 
frequency, and  is the linewidth enhancement factor of 
the SOA. D2 and D3 are the second and third order 
dispersion coefficients respectively of the cavity.  is the 
nonlinear coefficient. as(it) represents the steady transfer 
function of the sweep filter with a Lorentzian profile. 
    By considering typical values of the parameters of the 
components in the laser cavity, we can separate the terms 
on the right hand side of (1) into different order of 
magnitude. For example, for the parameters given in [2,3], 
ω0 = 113 ps-1, D2 = 0.276 ps2 km-1, D3 = 0.0122 ps3 km-1, 
 = 1.36 W-1km-1, the governing equation can be rewritten 
in normalized variables as 
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where the amplitude, distance and time are rescaled by 
characteristic values associated with typical cavity 
powers (U = u/E0, where |E0|2 ≈ 200 mW), typical cavity 
lengths (Z = z/z0, where z0 = 3.4 km), and typical output 
field modulation times ( = t/t0, where t0 = 10 ps, 
corresponding to a bandwidth larger than 3 times of the 
sweep filter linewidth). 2 2 3

0 2 0 3 0[ ]D D D z    is the 
broadband dispersion which includes both the second and 
third order dispersion. All the barred variables and 

2D̂  in 
(2) are of order unity. The dimensionless parameter 

2 2
2 0 0 ~10D z t    can be exploited for multiple scale 

analysis.  We assume  
 2exp( ).U V i DZ   (3) 

Substituting (3) into (2) and neglecting the  order term, 
at zero order we get 
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The FDML fiber laser is modeled by solving (4) for each 
discrete component iteratively [2,3]. For example, in 
modeling the propagation in fiber, only nonlinearity and 
loss are included.  The rest of the terms in (4) are set to 
zero.  We also note that since the dispersion term in 
narrow band included in (1) and (2) is neglected in (4), 
the simulations of the fiber propagation can be performed 
on time domain directly without any Fourier transform. 

Feng Li,* J. Nathan Kutz,** and P. K. A. Wai* 
*Photonics Research Centre, Department of Electronic and Information Engineering 

The Hong Kong Polytechnic University, Hung Hom, Hong Kong SAR, China 
**Department of Applied Mathematics, University of Washington, Seattle, WA 98105-2420 USA 

WKB Analysis of Fourier Domain Mode 
Locked Fiber Lasers 

 
Fig. 1: Schematic of an FDML fiber laser. 
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III.  RESULTS AND DISCUSSION 
To check the accuracy of the reduced model, we compare 
the simulation results from the model with (1) and the 
WKB reduced model in (4) using the same cavity 
parameters. In the simulations, we have 222 sample points 
and the cavity round trip time is 17 s. The fiber 
dispersion and nonlinearity are set to be the same as that 
in [2,3]. The bandwidth of the sweeping bandpass filter is 
27 GHz. The sweeping range is 18 THz. The SOA is 
simulated using the same model as that in [2,3]. The gain 
profile is also assumed to be a Lorentzian function and 
the bandwidth is 14 THz. The transmittance of the 
coupler is set to be 0.2. In simulations, the signal starts 
from a small white noise and the results are captured after 
3,000 round trips. 

 
Fig. 2: The smoothed waveforms (a) (d), spectra (b) (e), and 
instantaneous center frequency (c) (f) with full model (left column) and 
reduced model (right column). 
 

The simulation results are shown in Fig. 2. The sweep 
frequency of the swept filter is set to exactly the cavity 
fundamental frequency. Figures 2(a), (b), (d), and (e) 
show the output waveforms and spectra from the two 
models. The waveforms and spectra are all smoothed 
corresponding to the finite detector response time and 
resolution of the spectrum analyzer. From Figs. 2(b) and 
(e), the output signals have instantaneous linewidth of 
about 8 GHz. Figs. 2(c) and (f) show the instantaneous 
center frequency of the signals obtained by applying 
Gabor transform at every time point. From Figs. 2(c) and 
(f), the variation in center frequency is larger in the 
forward (frequency increasing) sweep than the backward 
sweep. From Fig. 2 the results from the two models are 
very close to each other. 
 To characterize the output from FDML lasers, point 
spread functions are normally adopted to estimate the 
roll-off length or the coherence length. The output signal 
in typical OCT schemes is characterized by dual-balanced 
detection method. The detector bandwidth is set to 1 GHz 
with Gaussian profile. PSFs are obtained by applying 
FFT to the residual signals after subtraction to remove the 

dc component. By varying the length difference of the 
two branches of the OCT, a series of PSFs are obtained as 
shown in Fig. 3. The blue curves and circles (peaks) are 
obtained with the signal from the full model and the red 
curves and triangles (peaks) are from the reduced model. 
From Fig. 3, the PSFs from the two models are almost 
identical. The backward sweep shows larger roll-off 
length than the forward sweep, which is in accordance 
with the smaller frequency variation in backward sweep 
as shown in Figs. 2(c) and (f). 

 
Fig. 3:  Point spread functions for forward and backward sweep signals. 

 

The full model, which simulates the signal 
propagation in the 3.4 km fiber with split-step Fourier 
method, takes more than 10 hours to simulate 3,000 
round trips with GPU acceleration in Matlab. But the 
reduced model takes only about 7 minutes to simulate 
the laser for 3,000 round trips. Thus the reduced model 
boosts the simulations speed by nearly 100 times 
without compromising accuracy. 

IV.  SUMMARY 
By using multi-scale analysis, we have derived an 
equation governing the dynamics of FDML fiber lasers 
which boost the simulation speed 100 times without 
affecting the simulation results when compared to that 
from the full model proposed in [2,3]. Point spread 
functions are used to characterize the simulation results 
for the first time. The highly efficient reduced model 
can be used to design and optimize the performance of 
FDML fiber lasers. 
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