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Abstract—Massive multiple-input–multiple-output (MIMO) is
a promising technique for providing unprecedented spectral efficiency. However, it has been well recognized that the excessive training overhead required for obtaining the channel side
information is a major handicap in frequency-division duplexing (FDD) massive MIMO. Several attempts have been made to
reduce this training overhead by exploiting the sparsity structures
of massive MIMO channels. So far, however, there has been little
discussion about how to exploit the partial support information of
these channels to achieve further overhead reductions. Such information, which is a set of indices of the significant elements of a
channel vector, can be acquired in advance and hence is an important option to explore. In this paper, we examine the impact on
the required training overhead when this information is applied
within a weighted 1 minimization framework, and analytically
show that a sharp estimate of the reduced overhead size can be successfully obtained. Furthermore, we examine how the accuracy of
the partial support information impacts the achievable overhead
reduction. Numerical results for a wide range of sparsity and partial support information reliability levels are presented to quantify
our findings and main conclusions.
Index Terms—Massive MIMO, channel estimation, pilot contamination, FDD, compressed sensing, weighted 1 minimization,
partial support information, phase transition.

I. I NTRODUCTION

I

N massive MIMO, reaping the full benefit of excessive base
station (BS) antennas requires perfect knowledge of the
channel side information (CSI) at the BS [2]. Unfortunately,
it has been indicated that the downlink pilot training for acquiring CSI consumes a significant portion of the radio resources
in FDD massive MIMO [3]. A straightforward way to circumvent this difficulty is by employing the time-division duplexing
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(TDD) mode and exploiting the channel reciprocity via uplink
training. In this way, the training overhead becomes proportional to the number of user equipments (UEs) instead of the BS
antenna array size. Nonetheless, TDD massive MIMO encounters a serious problem as the number of UEs increases, due to
the corresponding increase in the reuse of uplink pilots [4]. This
reuse eventually causes inter-user interference and hence limits
the system performance.
A recent study found that low-overhead pilot training is still
feasible in the presence of dimension shrinkage of correlated
massive MIMO channels [5]. It means that the effective dimension of a channel can be greatly less than its original dimension,
which results in a lighter pilot training burden. In the case of
a large uniform linear array (ULA) at the BS, it was shown
that this effective channel dimension is governed by antenna
spacing, angle of departure (AoD), and angle spread (AS) [5,
Theorem 2]. Essentially, this dimension becomes smaller with
the increased spatial correlation due to decreasing AS. The
AS is normally equal to 5◦ in urban areas [6], which implies
dimension shrinkage up to 90%. This outcome stems from
the classical one-ring model [7] which is corroborated by
experimental data [8]. A similar conclusion has been reached
independently in [9], where a classical multipath model also
exhibits the dimension shrinkage that occurs in massive MIMO.
The two basic assumptions, namely the far-field and plane
wavefronts, underpinning the one-ring model could be violated
due to the physical size of large antenna arrays [10]. As indicated by the channel measurements in [11], [12], the number
of AoDs and the range of AS can potentially increase with the
growing antenna size. This raises a concern that the effective
channel dimension can be higher than expected. However, the
measurement experiments were conducted in the environment
with local scatterers around the BS [11], [12], which may be
an enabling and indispensable factor that makes an unexpected
increase in the AoDs or AS possible. Because this environment
is not considered in the one-ring model1 , the aforementioned
measurements are not sufficient to disprove the dimensionshrinkage result derived from this model. In addition, the
far-field and plane wavefront assumptions are still reasonable
as massive MIMO operates at higher radio frequencies such as
the millimeter-wave bands.
Taking advantage of dimension shrinkage, several methods
have shown their potentials in low-overhead pilot training.
1 It means that we implicitly exclude massive MIMO channels in the envi-

ronment with local scatterers around BSs from consideration. Nevertheless, this
kind of channel is also an important category that requires further research.
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A correlation based method provides a means of determining the optimal pilot sequences according to well-established
criteria [13]. In [14], it has been demonstrated that the corresponding pilot length can be significantly smaller than the
number of the BS antennas in correlated channels. However,
certain drawbacks associated with the use of this method can
outweigh its benefits when the dimensions of the channel
covariance matrices that need to be acquired become large [15,
Remark 2]. Another effective way that can be used is based on
the discrete Fourier transform (DFT) pre-beamforming, where
large ULAs are employed and only angular domain information is required [5]. Pre-beamforming at the BS, however, can
potentially make the desired channel estimate contaminated by
the interfering channel when using unreliable angular domain
information.
In this paper, we focus on CSI acquisition of correlated massive MIMO channels where dimension shrinkage takes place.
The aforementioned drawback of the pre-beamforming method
is resolved by taking advantage of state-of-the-art compressed
sensing techniques. In this regard, channel recovery is formulated as a weighted 1 minimization problem, where channel
support knowledge2 is utilized at the UE side. In particular, the
weighting coefficients will depend on channel support information. More importantly, the uncertainty of channel support
information will be taken into account in our problem formulation. By further conducting a convex geometry analysis, we are
able to address a crucial question, namely, given the original
channel dimensions, channel support information, and certain
accuracy level of this information, how much training is needed
to guarantee meaningful channel estimates? Our study shows
that an upper bound on a geometric object remarkably provides
sharp estimates of the required training overhead with a certain
degree of probabilistic guarantee. We also find that if a certain
level of support information accuracy is not achieved, incorporating support information into channel recovery does not result
in any benefit.

A. Related Works
How much training is needed has long been a question of
great interest in the FDD MIMO systems. The classical result
shows that the optimal number of training symbols, for maximizing an achievable capacity bound, is equal to the number
of BS antennas [16]. For optimizing the degrees of freedom,
half of the channel coherence interval should be allocated to
training [17]. When taking CSI feedback and beamforming
into account, how to scale the training interval to the optimal
length is provided in [18]. However, the assumption of channel entries being independent and identically distributed (i.i.d.)
Gaussian makes these results less generalizable to correlated
MIMO channels as in typical massive MIMO systems.
Much of the recent investigation into training for correlated channels has centered on training overhead lessening by
exploiting prior channel knowledge. In [19], temporal and spatial channel correlations are utilized to facilitate open/closed
2 The support of a channel vector contains the indexes of significant channel
elements in the angular domain.

loop training, thereby leading to reduced downlink training
overhead. Compressed sensing provides a framework for efficient CSI acquisition utilizing prior knowledge of channel
sparsity structures [20]. To adaptively exploit these sparsity
structures according to their quality, a modified subspace pursuit (M-SP) algorithm has recently been developed [21]. The
analytic performance of this algorithm has also been derived
via a restricted isometry property (RIP) approach. It was shown
in [22], [23] that if massive MIMO is built upon an orthogonal
frequency division multiplexing (OFDM) system, the common support of channel impulse responses (CIRs) is another
source of utilizable sparsity structures. Though a variety of
compressed sensing based methods have been developed, few
of them attemp to quantify the required training as a function of
the available channel knowledge.
B. Contributions
The major contributions of this paper are summarized as
follows:
1) We have developed a weighted 1 minimization framework that can incorporate statistical channel knowledge
in the form of partial support information, thus harnessing sparsity structures in the angular domain to achieve
low-overhead training. In particular, this approach circumvents the drawback of the existing pre-beamforming
method as the statistical knowledge is utilized at the UE
side. One interesting finding is that how significantly the
training overhead can be reduced depends on the accuracy
of the prior knowledge. This finding, while preliminary,
suggests that a method has to be developed to deal
with the situation where statistical channel knowledge
becomes unreliable.
2) We are the first to establish precise bounds on the number of linear channel measurements that are necessary for
sparse massive MIMO channel recovery using weighted
1 minimization. The bounds, specified by Theorem 5
and Proposition 8, are not restricted to the asymptotic
region, where the channel dimension has to be sufficiently large, and take the uncertainty of the statistical
channel knowledge into account. This allows us to provide sharp estimates of the required training overhead,
given a certain accuracy level of the statistical knowledge and a modest channel dimension size. On the other
hand, offering these estimates has important implications for determining what degree of accuracy of the
prior knowledge is needed and evaluating the cost of the
corresponding training.
C. Organization and Notations
The remainder of this paper is organized as follows.
In Section II, we specify the system model including the
sparse MIMO channels and their partial support information.
Section III addresses the issue of sparse channel reconstruction
using weighted 1 minimization and interference cancellation
in the compressed domain. Quantifying the required training
overhead is conducted in Section IV. Numerical results are
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presented in Section V, which is followed by the concluding
remarks in Section VI.
Notations: R: real number, C: complex number, Z: integers,
 {·}: real part,  {·}: imaginary part, · p : p-norm, (·) : transpose, (·) H : Hermitian transpose, I N : N × N identity matrix,
N (·, ·): normal distribution, CN (·, ·): complex normal distribution, E [·]: expectation, 0: zero vector, supp(x): the set of
indices i such that the entry xi of the vector x is non-zero,
card (·): cardinality.
II. S YSTEM M ODEL
Consider a massive MIMO system consisting of a BS and
K single-antenna user equipments. The BS is equipped with an
M-element uniform linear array (ULA), where M is supposed
to be greatly larger than the number of served UEs. The system is assumed to operate in the FDD mode and the channels
between the BS and the UEs are flat block-fading. During the
downlink training phase, the received signals at a typical UE
can be represented as
y = Ah + e,

(1)

where A ∈ C N ×M denotes the training matrix, h ∈ C M×1 is the
channel vector, and e ∈ C N ×1 is the additive error due to noise
or interference. The conventional least-square (LS) estimator
requires the number N of channel measurements to scale linearly with the number of BS antennas, which is prohibitively
large.
A. Sparse Massive MIMO Channels
The high multiplexing gain achieved in massive MIMO
results from its fine spatial resolution [2]. Hence, it is reasonable to have BS antennas half-carrier-wavelength spaced to
provide high resolution in azimuth. The way to realize such
antenna deployment has been envisioned in [24]. Based on this
array manifold, the quasi-static channel h can be canonically
decomposed as
h = Uha ,

(2)

where ha is the channel representation in the angular domain
and U is an M × M discrete Fourier transform (DFT) matrix
[25]. The nth column of U given by

1 
− j 2π (m−1)n
− j 2π (M−1)n
(3)
un  √
M
M
··· e
1 ··· e
M
stands for an angular basis vector. The channel h due to the
effect of clusters of scatterers can be written as [26]
h=

P


 
gps θp ,

Fig. 1. Illustration of the sparse channel in the angular domain.

e− jπ cos(θ) · · · e− jπ (M−1) cos(θ) ] is the steering vector
in the direction of θ . Based on this channel representation, it has
been shown that dimension shrinkage occurs due to the limited
range of AoDs [9]. How this dimension shrinkage implies that
the support of ha being small is provided below.
Recasting (4) in the canonical form gives
√1 [ 1
M

ha = U H Sr,

(5)

where S = [s(θ1 ), · · · , s(θ P )] and r = [g1 , · · · , g P ] . The
inner product
unH s (θ ) =

sin [π M (n, θ )] jπ (M−1)(n,θ)
e
M sin [π  (n, θ )]

(6)

with  (n, θ ) = (n/M − cos θ /2) shows a significant magnitude if | (n, θ )| < 1/M. In other words, the path of direction
θ is resolved by the nth angular basis vector if (n − 1)/M <
cos θ /2 < (n + 1)/M. Specifically, the nth resolvable channel gain h an results from an aggregate of multiple physical
paths with AoDs θ p ’s which satisfy the condition |(n, θ p )| <
1/M. Associating the AoDs with their corresponding resolvable channel gains provides the support information of ha ,
which is denoted by T = supp(ha ), where T ⊆ {1, . . . , M} and
card(T ) = s. The angular deviation δ p can be modeled as a
Gaussian variate with distribution N(0, σδ2 ) or a uniform vari√
√
ate which lies within [− 3σδ , 3σδ ] [27], [28], where σδ is
referred to as the AS deviation. As shown in Fig. 1, when the
BS antenna array is mounted higher than the nearby scatterers,
multipaths are mainly due to the far-field scatterers or those in
the vicinity of the target UE. In this case, we expect the cardinality of the angular channel support to be relatively small in
comparison to the actual channel dimension.
B. Partial Support Information

(4)

p=1

where P is the number of scatterers, g p denotes the complex path gain, θ p  θ + δ p represents the AoDs, θ is the
mean AoD, and δ p is the random angular deviation. s (θ ) 

To obtain partial support information, we can either directly
estimate AoDs or indirectly evaluate the mean AoD and the
AS deviation. Most of the existing methods for obtaining the
aforementioned spatial information require knowledge of the
downlink channel covariance matrices. To meet this prerequisite, one has to consume lots of radio resources in terms of
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III. C OMPRESSED CSI ACQUISITION U SING PARTIAL
S UPPORT I NFORMATION
Fig. 2. An illustrative example of partial support
information,
where


 = {2, 3, 6, 7, 8, 9}, and card T ∩ T
 = α × ŝ = 2 ×
T = {2, 6, 7, 8}, T
3
6 = 4.

feeding back downlink channel measurements from UEs to
BSs. Due to spatial reciprocity in FDD systems [29], the spatial behaviors are closely related at the downlink and uplink
carrier frequencies. In addition, it has been shown in [30]
that the downlink channel covariance matrix can be determined by the uplink channel covariance matrix via certain
calibration processing given uplink and downlink carrier frequencies, and the BS antenna geometry. That is, the desired
spatial information can be reasonably retrieved during uplink
reception.
The use of subspace-based techniques, such as the multiple signal classification (MUSIC) and the estimation of signal
parameters via rotational invariance techniques (ESPRIT) algorithms [31], is well-established in high-resolution AoD estimation. Integrated with the spatial signature estimation algorithm, subspace-based techniques are capable of resolving
2M/3 AoDs for each channel to a UE [32]. As a result, if
the number of BS antennas is sufficiently large, i.e., M ≥
3P/2, it is possible to achieve accurate AoD estimation, which
was regarded as unattainable in conventional MIMO systems
[30]. Recent developments in the field of compressed sensing
have led to a renewed interest in AoD estimation by finding the sparsest representation in an overcomplete angular
basis [33]. It is indicated in [34] that this approach outperforms the eigenstructure-based ones in terms of being more
adaptive in various circumstances such as the operating signalto-noise ratio (SNR) being low or spatial samples being
limited.
In [27], a decoupled estimation of the mean AoD and the AS
deviation is proposed based on the covariance matrix matching approach. The dimension of the required sample covariance
matrix can be greatly less than M for the purpose of estimating
the mean AoD and the AS. Hence, the required sample size
for estimating the channel covariance matrix will be greatly
lessened. In the case of angular deviations being uniformly
distributed,
the estimates
θ̂ and σ̂δ will determine a range
√
√
[θ̂ − 3σ̂δ , θ̂ + 3σ̂δ ] within which the AoDs θ p are likely
to lie. More advanced techniques for jointly estimating the
mean AoDs and the ASs of several spatially distributed sources
have been presented in [35], which allow simultaneous spatial
information acquisition for multiple UEs.
Associating the AoD or AoD range estimates with their
corresponding resolvable paths provides partial support infor, where T
 ⊆ {1, . . . , M}
mation of ha , which is denoted by T
) = ŝ. The intersection T ∩ T
 of the desired and
and card(T
) = α ŝ ,
estimated channel supports has the size card(T ∩ T
where 0 ≤ α ŝ ≤ s and 0 ≤ ŝ − α ŝ ≤ M − s. An illustrative example is provided in Fig. 2. The parameter α ∈
[0, 1] indicates the accuracy or quality of the partial sup, i.e., α = 1 implies that all the indices in T

port information T
are accurate, whereas for α = 0 the partial support information
is completely irrelevant to the actual channel support.

It has been recognized that the amount of training overhead,
which is proportional to the BS antenna size, makes massive
MIMO difficult to implement in the FDD mode. However,
when the channel ha exhibits a sparsity structure (s  M), lowoverhead training becomes feasible by exploiting compressed
sensing (CS) techniques [20]. With further utilization of partial support information, it will be shown that an additional
reduction in training overhead can be achieved.
A. Weighted 1 Minimization with Partial Support Information
In this section, partial support information will be applied
within the framework of weighted 1 minimization, which
has demonstrated its great potential of lessening the required
training overhead [36]–[38]. Given linear channel observations
y = AUha + e,

(7)

the channel recovery can be formulated as a weighted 1
minimization problem given by


 
min ĥa 1,w subject to AUĥa − y2 ≤ ,
(P1)

ĥa ∈C M

with

wi =

,
1, i ∈
/T
,
0, i ∈ T

(8)

where A ∈ C N ×M is a Gaussian random matrix of random
entries with distribution CN (0, 1/N ),theerror e is assumed to
M
wi ĥ ia .
be upper bounded, i.e., e2 ≤ , and ĥa 1,w  i=1
The main idea behind this formulation is that the entries that
are expected to be zero should be weighted more heavily than
others in the objective function. As in [39], the measurement
matrix A can be generated offline and made accessible to the
 is also
BSs and the UEs. Meanwhile, the support estimate T
made available to the corresponding UE to enable it to recover
the channel and feed back sparse channel information ĥa to its
serving BS.
It is intriguing to know the
 number of measurements
 required
for which the mismatch ĥa − ha 2 is negligible. Moreover,
this number will provide an insight into the cost of different
combinations of the parameters {M, s, ŝ, α, }. In Section IV,
this number will be quantified by utilizing a convex geometry
approach. This kind of quantification in compressed sensing is
referred to as phase transition analysis.
B. Compressed Domain Interference Cancellation
If there is another BS performing the downlink training with
the same training matrix, the additive error can have the form
e = AUhaI , where haI represents the angular interfering channel
with support TI . In this case, it is possible to remove the effect
of interference via certain post-processing when TI becomes
 in
available at the target UE3 . For instance, we may replace T
3 It is more reasonable to assume that only partial support information of the
interfering channel is available. However, for the sake of simplicity, we assume
that TI is obtainable.
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(P1) with
 Ta A  aT ∪ TI to obtain an estimate of the composite
channel h + h I , and then remove the interference part from
this estimate. This method, however, suffers from a potential
increase in training overhead due to recovering the composite
channel of a higher sparsity level.
Instead of reconstructing the composite channel first, it is
desirable to mitigate interference in the compressed domain
before recovering the target channel. In [40], a subspace-based
method is proposed for compressed domain interference cancellation by exploiting the TI information. Based on this, a
modified method which takes advantage of prior knowledge of
 and TI is presented below. This prior knowledge first
both T
enables us to construct a projection matrix
B†T = BT BTH BT

−1

BTH

(9)

where BT is the N × ŝ matrix composed of the columns of B 
. Then, a basis of the space
AU corresponding to the indices in T
C(BTI ) \ C(BT) is given by BTI \T = BTI − B†TBTI . Using this,
we can obtain the desired projection matrix
C = I − BTI \T BTHI \TBTI \T

−1

BTHI \T

(10)



onto the space C(B)\ C(BTI ) \ C(BT) . Applying this projection matrix to (7) gives

curves. In other words, for a given sparsity level, we will
quantify the corresponding sample size threshold above which
a certain level of the channel recovery performance will be
guaranteed.
It can be observed that the product AU has the same structure as the matrix A in terms of having independently Gaussian
distributed entries. Hence, the matrix U in (P1) can be ignored
without loss of generality, and ha can be regarded as a sparse
vector with respect to the canonical basis instead of the angular
basis. Throughout this section, the existence of U will be intentionally omitted. With this in mind, the real-valued counterpart
of the complex-domain problem (P1) can be written as
 a

 
Ah̃ − ỹ2 ≤ ,
(14)
(P2) min h̃a 2,1,w subject to 
h̃a ∈R2M

where the linear measurements in the real domain ỹ is given by
ỹ = 
Ah̃a + ẽ,
 



 {e}
 {A} − {A}
 {ha }
+
=
,
 {ha }
 {e}
 {A}  {A}
and the weighted 2,1 norm of h̃a is defined as
 a
h̃ 

2,1,w



M



2
wi h̃ i2 + h̃ i+M
.

(16)

i=1

yC = Cy



= CAU ha1 + haI + Cz.

(11)

In the end, the desired channel can be recovered by solving the problem
 (P1IC ) thatresembles (P1) with the constraint
replaced by CAUĥa − yC 2 ≤ .
 ⊃ T , then
If T
CAUha

As shown in (15), the entries of the measurement matrix

A are constrained by a structure, instead of being generally
independent of each other. In [41], the problem (P2) has been
indicated to be closely related to the block-sparse compressed
sensing (BSCS) problem with block size 2, which is given by




(17)
(P3) min x̃2,1,w subject to Ax̃ − ỹ ≤ ,
x̃∈R2M

= CBT hT ,

= I − BTI \T BTHI \TBTI \T

(15)

a

−1


BTHI \T BT1 haT1 ,

= AUha ,

(12)

where haT denotes the 1 × s vector obtained by retaining the
entries of ha corresponding to the indices in T . It means that
yC preserves adequate information about ha after the subspace
projection if the most part of T is contained in the partial infor. Meanwhile, projecting the interference AUha onto
mation T
I


the subspace C(B)\ C(BTI ) \ C(BT) leads to ||CAUhaI || ≤
||AUhaI || which implies that partial interference suppression
can be achieved in the compressed domain. This suppression
becomes exceptionally prominent, i.e.,
CAUhaI = 0,

(13)

when the column space C(BTI ) is orthogonal to C(BT).
IV. P HASE T RANSITION A NALYSIS
In this section, we analytically examine phase transitions of
the weighted 1 minimization problem, which provides definite boundaries of the sample size versus sparsity level tradeoff

2

where A ∈ R2N ×2M is a matrix of independent random entries
with distribution N (0, 1/2N ). Despite the difference between

A and A, it has been demonstrated that the phase transitions
of (P2) coincide with those of (P3) when ignoring the weighting vector w and the error e [41]. Therefore, we argue that the
phase transitions of (P2) can be acquired via (P3). The following analysis will focus on characterizing the phase transitions of
(P3) when partial support information is available. Then, it will
be verified in Sec. V that the obtained phase transition curves
accurately depict the transition behavior of the original problem
(P2), or equivalently (P1).
Previous studies have based their phase transition analysis
on the combinatorial geometry framework [42]. Recently, a
simpler and more effective convex geometry approach have
been developed and introduced to analyze the phase transition
phenomenon. This approach has an attractive feature in terms
of offering sharp estimates of the required number of measurements for robust recovery of sparse signals [43]. Before
applying this approach, we define some technical terms as
below which will facilitate the investigation into the intrinsic
convex geometry of the BSCS problem.
Definition 1: A set C is said to be a cone if νz ∈ C for any
z ∈ C and ν ≥ 0.
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Definition 2: The tangent cone at some nonzero x ∈ R2M
with respect to the scaled unit ball B p (x) = {y ∈ R2M | y p ≤
x p } is given by


T p (x) = cone z − x| z p ≤ x p .

(18)

Definition 3: The set


N p (x) = v| v, z − x ≤ 0 ∀z such that z p ≤ x p
(19)
is called the normal cone at x with respect to B p (x).
Definition 4: With respect to a set
⊂ R M , the
Gaussian width is defined as


(20)
ω ( ) = Eg sup gT z ,
z∈

where g ∼ N (0, I).
To simplify the illustration of how the defined geometric
objects are exploited, let us first assume that e = 0 and = 0
in (P3). Following this, we have x̃ = x̃∗  h̃a if and only if
null A ∩ T2,1,w (x̃∗ ) = {0} [43]. Gordon’s escape through the
mesh theorem provided a means of probabilistically characterizing the event that the random null space of A misses the
tangent cone T2,1,w (x̃∗ ) [44]. The likelihood of this event is
regulated by a result in Gordon’s theory, i.e.,

  
 
(21)
E min Ax ≥ λ2N − ω ( ) ,
x∈

2

where
= T2,1,w (x̃∗ ) ∩ S2M ,
S2M ⊂ R2M
denotes
the unit 2M-sphere, and the expected length of a
2N -dimensional Gaussian random vector is given by
√
λ2N = 2 2N2+1  2N
2 . This result, together with a
concentration of the measure principle, leads to the following
recovery guarantees of the BSCS problem with partial support
information [43, Corollary 3.3].
Theorem 5: 1) Let the error ẽ be zero and = 0. Then, x̃∗
is the unique optimum of the problem (P3) with probability at
least
1
1 − exp(− [λ2N − ω ( )]2 )
2

(22)

2N ≥ ω ( )2 + 1.

(23)

given

2) If x̃∗ represents the optimal solution of (P3), then
∗
x̃ − x̃2 ≤ 2ν with probability at least
√
1
1 − exp(− [λ2N − ω ( ) − 2N ν]2 )
2

(24)

given
2N ≥

ω ( )2 +
(1 − ν)2

3
2

.

(25)

The above theorem rigorously establishes the existence of
decisive thresholds for sparse channel recovery with certain
probabilistic guarantee. Apparently, these thresholds beyond
which the measurement sizes should be increased are determined by the Gaussian width. To state explicitly what probabilistic performance is assured, we provide a more interpretable
result in the following corollary.
Corollary 6: The results of Theorem 5 hold with probability
at least η ∈ (0, 1) if
1)
2

(26)
2N ≥ ω ( ) + βη + 1,
2)
2N ≥


2
ω ( ) + βη +

3
2

(1 − ν)2

,

(27)

√
where βη  −2 ln (1 − η).
Proof: Please refer to Appendix A.

The above corollary indicates that the required number of
linear measurements depends on the desired probabilistic performance. A better probabilistic performance corresponds to a
higher number of linear measurements. Whether in the above
theorem or corollary, the Gaussian width ω ( ) still needs to
be evaluated so that the sharp bound on the required number of measurements can be obtained. In the evaluation of
ω ( ), the normal cone N2,1,w (x̃∗ ) to be used is provided in
the subsequent lemma.
Lemma 7: The normal cone N2,1,w (x̃∗ ) at x̃∗ with respect to
B2,1,w (x̃∗ ) can be expressed as

 
,
N2,1,w x̃∗ = v ∈ R2M | vi = vi+M = 0 for i ∈ T
x̃i∗

∗
x̃i+M

,
, for i ∈ T \ T
xi∗
xi∗


2
, for t ≥ 0 .
vi2 + vi+M
≤ t for i ∈ T c \ T

vi = t

, vi+M = t

(28)
Proof: Please refer to Appendix B.

With the aid of this lemma, we are in a position to provide a
bound on ω ( ).
Proposition 8: The upper bound of the square of Gaussian
width ω ( ) in Theorem 5 is given by
ω ( )2 ≤

inf
t ≥0

2ŝ + (s − α ŝ) 2 + t 2


∞

+ [M − ŝ − (s − α ŝ)]
t



r2
(r − t) r exp −
2
2




dr .
(29)

The unique optimum topt which minimizes the right-hand side
of (29) is the solution of


 ∞
r2
r
s − α ŝ
− 1 r exp −
. (30)
dr =
t
2
M − ŝ − (s − α ŝ)
t
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Proof: Please refer to Appendix C.

The upper bound provided in this proposition is numerically
obtainable, and can be utilized in Theorem 5 and Corollary 6
to acquire the bounds on the measurement numbers. Although
the phase transitions are analyzed for the BSCS problem, it
will be demonstrated later that they are also applicable to the
weighted 1 minimization problem in the complex domain. An
existing work [45] on the phase transition of certain complex
CS problem only provides asymptotic results which hold when
M is sufficiently large. In contrast, the results presented here
are precise and non-asymptotic.
Next, we argue how the phase transitions of (P1) will
be affected by compressed-domain interference cancellation.
 ⊃ T , the fact CAUha = AUha indiUnder the condition T
cates that performing interference cancellation has no adverse
effects in terms of diminishing the desired channel information. Especially, the guarantee Ce ≤ e ensures that the
phase transitions of (P1IC ) will outperform those of the origi ∩ T = T , projecting y
nal problem. On the other hand, when T
onto the subspace can cause information loss. This is because
any signal located within the subspace C(BTI ) \ C(BT), whose
intersection with C(BT ) may be no longer empty, will be canceled. Though the discussion here is not general, it highlights
that the impact of the compressed-domain processing on phase
transitions can be made marginal given proper partial support
information of the desired channel.

V. N UMERICAL R ESULTS
In this section, numerical results are presented to illustrate
the potential overhead reduction of using weighted 1 minimization with partial support information. Moreover, the accuracy of analytical bounds on the number of the required channel
measurements is verified via comparison with empirical phase
transition curves.
A. Overhead Reduction by Weighted 1 Minimization
In Fig. 3, the impact of the parameter α on the normalized
mean-square error (NMSE) performance
of (P1) is depicted,

2
a
a


where NMSE is defined as E ĥ − h 2 /ha 22 . The performance curves shown in this figure result from empirical
simulations, where the non-zero elements of the channel vector
ha ∈ C M are modeled as i.i.d. circularly-symmetric Gaussian
variates with distribution CN (0, 1). To serve as a performance
benchmark, a genie-aided least square (LS) estimator is considered, where perfect support knowledge at the UE side is
exploited for channel recovery. Generally, for any given number
N of linear measurements, the MSE decreases with increasing α. When N is lower, the performance gap between the
curves of α = 0.8 and α = 0.6 becomes more significant.
This highlights the importance of having a higher α, i.e.,
higher accuracy of partial support information. Note that the
MSE performance due to α = 0.6 is worse than that of using
no prior information. It means that applying partial support
information with low accuracy may not lead to performance
improvement.
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Fig. 3. Normalized mean square error versus number of measurements over
different values of α given M = 100, s = 20, ŝ = 25, e2 = = 1.

In Fig. 4, the MSE curves due to different values of ŝ are
compared when both the sparsity level s and the accuracy level
α are fixed. It can be observed in Fig. 4a that having a higher ŝ
can lead to a lower MSE as α = 0.8 is high enough. However,
this improvement becomes less significant when the number of linear measurements gets larger. As shown in Fig. 4b,
at a lower accuracy level α = 0.6, the MSE performance of
weighted 1 minimization is generally worse than that of
normal 1 minimization without using any prior support knowledge. This result highlights that partial support information
employed in weighted 1 minimization should be as accurate as
possible.

B. Phase Transition Characterization
Fig. 5 compares the analyticalphase transition curves due to
(23) where N = ω ( )2 + 1/2 with those empirical curves
over different values of α. Basically, both analytical and empirical curves show that the required measurements to achieve a
certain percentage of exact recovery increases gradually with
an increasing sparsity level. We declare exact recovery if ||x̂ −
x∗ ||2 ≤ 10−4 where x∗ is modeled as a random vector with
independent standard complex normal entries, and the value
10−4 is within the range suggested in [46, Appendix A.1]. As
shown in this figure, the analytical curves of α = 0.2 and α =
0.8 can accurately depict the empirical phase transition curves
of 60% exact recovery and 55% exact recovery, respectively.
This observation demonstrates the capability of the proposed
analytical result to characterize the phase transition of (P1)
with partial support information. Fig. 6 shows how the training
overhead changes with respect to a larger antenna array size.
Although M is doubled from 100 to 200, the required training
overhead for achieving 60% or 55% exact recovery does not
increase proportionally.
Fig. 7 presents the probability of robust recovery as a function of the sparsity level and the number of linear measurements
when there is some bounded error. The brightness corresponds
to the recovery probability and robust recovery is declared if
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Fig. 5. Phase transition curves of (P1) over different values of α given M =
100, ŝ = 10, e = 0, and = 0.

Fig. 4. Normalized mean square error versus number of measurements given
M = 100, s = 20, e2 = = 1.

||x̂ − x∗ ||2 ≤ 0.2, where the value 0.2 is determined according to Theorem 5-2) once and ν are given. On top of this
grayscale image, the empirical curves of 5%, 80%, and 90%
robust recovery are plotted respectively. It can be seen that the
analytical curve from (25) closely matches the empirical curve
of 80% robust recovery. Meanwhile, the result in Corollary 62) can be further verified via this phase transition plot. Take
the sparsity level s = 10 as an example. To reach 80% robust
recovery, it requires 30 measurements as ω ( )2 ≤ 57.4 is considered in (25). Making use of βη=0.8 = 1.8 in (27) gives that
the minimum required measurement size is 47, which is greater
than the actually required size of 30. In other words, the bound
provided by (27) is shown to be valid.

VI. C ONCLUSIONS
This paper has addressed the issue of training overhead
reduction in FDD massive MIMO by utilizing partial channel

Fig. 6. Phase transition curves of (P1) over different values of α given M =
200, ŝ = 10, e = 0, and = 0.

support information. It has been shown that a significant overhead reduction can be achieved via weighted 1 minimization
which takes advantage of readily available partial support information. With this in mind, a novel analysis of the required
training overhead has been developed by adopting a convex
geometry approach. The numerical results validated the accuracy of our analytical characterization of the required training
overhead.
The current investigation has examined the usage of partial support information within the framework of weighted 1
minimization. Future study could explore the possibility of having higher training overhead reduction within a more general
reweighted 1 minimization framework [47].
While this study did not include the general case of multiuser
channel recovery, it can be easily used to form the basis for
such a scenario. In comparison to other single-user pilot training in [13], [14], the compressed sensing based pilot design is
less user-specific. That means, our proposed approach is more
suitable to be extended to address the case of multiuser channel recovery. A simple way to achieve this generalization is to
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The second term of the right-hand side of (33) is less than

2 2

2ν (1 − ν) + ω ( ) + βη
1/2


2
+4 ω ( ) + βη + 2ν (1 − ν) + 4
.
Therefore, we have the lower bound

2
ω ( ) + βη + 32
2N ≥
,
(1 − ν)2
2

2 ω ( ) + βη + 2ν (1 − ν) + 2
,
(34)
≥
2 (1 − ν)2
where the second inequality holds due to ν (1 − ν) ≤ 1/4, and
this bound satisfies the condition (33).
A PPENDIX B
P ROOF OF L EMMA 7
Fig. 7. Phase transition curves of (P1) for different percentages of robust
recovery given M = 100, ŝ = 0, e2 = = 10−3 , ν = 10−2 . The brightness
corresponds to the recovery probability.

group together channels with the same sparsity level and SNR
level, and learn this group of channels at the same time. This
idea, similar to the user grouping proposed in [5], could be the
subject of a future investigation.
A PPENDIX A
P ROOF OF C OROLLARY 6
Here only the proof of (27) is provided. The second result of
Theorem 5 holds with probability at least η if (24)≥ η, which
can be easily shown to be equivalent to
√
λ2N − ω ( ) − 2N ν ≥ βη .
(31)
The condition (31) is met when
√
√
2N
λ2N − 2N ν = √
− 2N ν,
2N + 1
√
2N
≥√
− 2N + 1ν,
2N + 1
≥ ω ( ) + βη .

(32)

We further recast the last inequality in (32) as

2 

(1 − ν)2 (2N )2 − 2ν (1 − ν) + ω ( ) + βη
(2N )


2
+ν 2 − ω ( ) + βη ≥ 0,
which is satisfied when
2 (2N ) (1 − ν)2

2

≥ 2ν (1 − ν) + ω ( ) + βη

2 2

+ 2ν (1 − ν) + ω ( ) + βη
+ 4 (1 − ν)

2



ω ( ) + βη

2

−ν

2

 1/2

Instead of presenting the weighted normal cone N2,1,w (x̃∗ ),
we derive the expression of the normal cone N2,1 (x̃∗ ). The
result can be easily extended to obtain the desired expression
of N2,1,w .
We first claim that the normal cone N2,1 (x̃∗ ) at x̃∗ with
respect to B2,1 (x̃∗ ) can be expressed as
 
x̃ ∗
x̃ ∗
,
N2,1 x̃∗ = v ∈ R2M | vi = t i∗ , vi+M = t i+M
xi
xi∗
⎫

⎬
2
for i ∈ T, vi2 + vi+M
≤ t for i ∈ T c , for t ≥ 0 . (35)
⎭
To verify the claim, we have the following derivation. By
definition,
  
!
N2,1 x̃∗ = v ∈ R2M | v, z − x̃∗ ≤ 0
  "
∀z s.t. z2,1 ≤ x̃∗ 2,1 . (36)
For any element v in (35), we have
!
v, z − x̃∗
!
= v, z − v, x̃∗ ,


M
∗


x̃i∗ ∗ x̃i+M
∗
x̃ + ∗ x̃i+M
t
=
,
(vi z i + vi+M z i+M ) −
∗ i
x
x
i
i
i∈T
i=1


∗

x̃i+M
x̃i∗
|z i | +
|z i+M |
≤
t
xi∗
xi∗
i∈T
$
 # |vi |
|vi+M |
|z i | +
|z i+M |
t
+
t
t
i∈T c
%  2 
2 &
∗

x̃i∗ + x̃i+M
−
,
t
xi∗
i∈T
≤


.

M 
M 


 2  ∗ 2
2
t z i2 + z i+M
−
t x̃i∗ + x̃i+M
,
i=1

(33)

i=1

 
= t z2,1 − x̃∗ 2,1 ≤ 0,

(37)
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where the Cauchy-Schwarz inequality is applied in the second
inequality, and the last inequality is due to the mixed-norm
inequality in (36). The inequality (37) implies that v is also in
N2,1 (x∗ ).
On the other hand, if v is in (36), then

  "
!
sup v, z − x̃∗ | z2,1 ≤ x̃∗ 2,1
z

  "
!
= sup v, z | z2,1 ≤ x̃∗ 2,1 − v, x̃∗ ,
z


 ∗
z


= x̃ 2,1 sup v, z | z2,1 ≤ 1, z = ∗
x̃ 2,1
z
!
∗
− v, x̃ ,
 
!
= x̃∗ 2,1 vmax − v, x̃∗ ,
(38)

"
2
where vmax = max
vi2 + vi+M
, 1 ≤ i ≤ M and the definition of the norm dual to the mixed 2,1 norm is applied in the
last equality. As (38) is less than or equal to zero, we have

Making use of Lemma 7 yields
inf

v∈N2,1,w (x̃∗ )



2
gi2 + gi+M
inf
t ≥0

i∈T

|vi | ≤ t for i ∈ T c \ T
⎡
2 
2 ⎤
∗
∗

x̃i+M
x̃i+M
⎣ gi − t
⎦
+
+ gi+M − t ∗
xi∗
xi

i∈T \T

 
+
(gi − vi )2 + (gi+M − vi+M )2 ,

=


i∈T c \T

=

inf
t ≥0
+

≤

1



2
gi2 + gi+M

+



%



gi2

+



Pos2

− 2t

2
gi+M

#

vmax
$
 # vi
vi+M ∗
∗
x̃ +
x̃
=
,
vmax i
vmax i+M
i∈T
⎞
⎛

|vi+M |
|vi |
∗
⎠,
⎝
x̃i∗ + 
x̃i+M
≤
2
2
2
2
vi + vi+M
vi + vi+M
i∈T
 
≤ x̃∗ 2,1 ,
(39)
where vmax > 0 is assumed. All inequalities in (39) become
exact equalities, leading to vi = vmax x̃i∗ / xi∗ and vi+M =
∗
/ xi∗ for i ∈ T . So v is also in (35) for vmax ≥ 0.
vmax x̃i+M

xi∗

+

∗
gi+M x̃i+M


+t

xi∗

$
2
gi2 + gi+M
−t ,

&
2

(41)

where
#
Pos

v∈N2,1,w (x̃∗ )

+

2
gi+M

−t


Eg
=

The square of Gaussian width ω ( ) is given by
2
 
ω ( )2 = ω T2,1,w x̃∗ ∩ S2M−1 ,
+

 ,2
≤ Eg dist g, N2,1,w x̃∗
,


 ∗ 2 
≤ Eg dist g, N2,1,w x̃
,


g − v22 ,
= Eg
inf

$
gi2

 #
$
2
2
= max 0,
gi + gi+M − t
.

Hence,
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g − v22

inf
⎧
⎨

v∈N2,1,w (x̃∗ )



2
Eg gi2 + gi+M
inf
t ≥ 0 ⎩ i∈T


%
&
∗

gi+M x̃i+M
gi x̃i∗
2
2
2
+
+
+t
Eg gi + gi+M − 2t
xi∗
xi∗

i∈T \T
⎫

#
$⎬

2
+
Eg Pos2
gi2 + gi+M
−t
,
⎭

i∈T c \T

=



 

 + 2 + t 2 · card T \ T
2 · card T

inf
t ≥0



 ·
+card T c \ T

(40)

where dist4 represents the Euclidean distance between a point
and a set, the first inequality follows from [43, Prop. 3.6], and
Jensen’s inequality is applied to the second inequality.


t

=

inf
t ≥0

∞



r2
(r − t)2 r exp −
2




dr ,

2ŝ + (s − α ŝ) 2 + t 2


+ [M − ŝ − (s − α ŝ)]
4 The Euclidean distance between the point x and the set A is given by
y∈A

gi x̃i∗


i∈T c \T

!
v, x̃∗ ,

dist (x, A) = inf x − y2 .




i∈T


i∈T \T

 ∗
x̃ 

2,1

g − v22

t

∞



r2
(r − t) r exp −
2
2




dr ,
(42)
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where the following equality is applied

#
$
2
Eg Pos2
gi2 + gi+M
−t


= Er Pos2 (r − t) ,


 ∞
2
r
=
dr,
(43)
(r − t)2 r exp −
2
t

2
is replaced by a Rayleigh distributed
in which gi2 + gi+M
variable r .
The way to show that topt is the unique minimizer of the righthand side of (29) is similar to that in [46, Prop. 4.5].
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