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1.  Introduction 

Digital halftoning is a process that converts a continuous tone image to a binary image, and it has been 

widely exploited in various applications. Halftoning techniques can roughly be classified into three categories:  

screening [1], error diffusion [2]-[5] and iterative optimization [6]-[8]. Among them, screening requires the 

lowest computational complexity but it is hard to produce halftones of high quality. In contrast, iterative 

optimization can optimize the quality in terms of a specific measure at a cost of complexity. Error diffusion is 

good for most of the applications as it can produce halftones of fairly good quality at an affordable computational 

complexity such that real time halftoning can be realized. Due to its popularity and practicality in various 

applications in different areas, how to improve error diffusion is still an active research problem. 

In practice, a conventional error diffusion algorithm can be realized as follows. Image pixels are scanned 

along a predefined path. The intensity value (a.k.a. gray level) of each of them is quantized to either 0 or 1 (i.e. 

the minimum or the maximum allowable output intensity levels) with a threshold. The quantization error is then 

diffused to the unprocessed neighboring pixels before the next pixel is processed. Here, without loss of generality, 

we assume that the input intensity value of a pixel is bounded in [0,1]. 
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In the simplest mode of the realization, pixels are raster-scanned, pixel values are quantized with a fixed 

threshold equal to 0.5, and the quantization error is diffused with a non-adaptive causal diffusion filter. This 

simple arrangement is not able to cope with the different possible input scenarios and hence one can easily find 

some artifacts in the output of a conventional error diffusion algorithm. These artifacts include (1) worm artifacts 

that appear at highlight and shadow regions, (2) unintended sharpening effects caused by the diffusion filter and 

(3) regular structure patterns that appear at certain gray levels near the mid-tone. The mixture of these artifacts 

can be very visible for some ranges of input gray levels.  

To reduce the artifacts, various modifications to the aforementioned simple arrangement have been proposed 

based on the following directions. The first direction is to change the scanning path such that pixels are not 

processed in a fixed order to create a directional bias in the diffusion of error [9]-[16]. The second one is to adjust 

the quantizer threshold according to the input so as to compensate for the sharpening effect [17]-[22]. The third 

one is to make the error diffusion filter adaptive to the local spatial characteristics of the image so as to remove 

the structure patterns [4], [5], [23]-[33]. Among the modifications based on the first two directions, the serpentine 

scanning scheme suggested in [9] and the threshold modulation scheme proposed in [18] are, respectively, 

considered as effective means for tackling the worm artifacts and the sharpening effect of error diffusion. 

For the modification of error diffusion filter, it is possible to adjust either the filter support or the filter 

coefficients based on different criteria. Among them, tone dependent error diffusion (TDED) has drawn a number 

of attentions [29], [31]-[34]. The idea of TDED is to use different diffusion filters for different gray levels of an 

input pixel. In [23], Shiau and Fan developed a set of diffusion filters based on this idea to reduce the worm 

artifacts. In [29], Eschbach suggested using a larger filter for highlight and shadow regions but a smaller filter for 

midtones. In [31], Ostromoukhov optimized a set of error diffusion filters for some key gray levels based on a 

blue noise model [16] and then derived filters for other gray levels with interpolation based on the optimized 

filters. Instead of optimizing the filters with a blue noise model, Li and Allebach [32] proposed a TDED scheme 

in which the coefficient values of the diffusion filter for a particular gray level are optimized based on a human 

visual system (HVS) model. In [33], Hwang et al. improved the performance of [31] by optimizing one error 

diffusion filter for each gray level based on a blue noise model. Tone dependent threshold modulation was 

introduced to Ostromoukhov’s scheme [31] by Zhou et al. in [34]. 

It is generally accepted that a halftone of good visual quality should bear the blue noise characteristics. To 

quantize the evaluation criteria, Ulichney suggested a blue noise model for describing the desired noise 
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characteristics of an ideal halftone [16]. In practice, a binary halftone can be treated as a picture having dots on a 

background. By considering that dots are actually put on grid points in digital halftoning, Ulichney’s blue noise 

model was revised by Lau and Ulichney in [35] to tackle the aliasing problem that occurs when the input gray 

levels are midtones. Conceptually, the revised model requests that the noise spectra for any input gray levels are 

radially symmetric. It was found that halftones with the revised noise characteristics can maintain its grid 

defiance illusion fundamental to the spirit of the blue noise model [35].  

In [36], Fung and Chan revised Lau and Ulichney’s blue noise model further by taking the stochastic nature 

of the dot distribution in a stochastic halftone into account. After the revision, the model requests that the noise 

spectra for any input gray levels are isotropic rather than just radially symmetric. This property eliminates the 

potential artifacts caused by directional hysteresis and aliasing problems.  

For reference purpose, the three different versions of blue noise models proposed in [16], [35] and [36] are, 

respectively, referred to as BNM, BNM1 and BNM2 hereafter.  

To produce a halftone that bears the noise characteristics specified by BNM2, a halftoning algorithm should 

introduce a minimum degree of dot clustering when halftoning midtone levels. In principle, the success relies on 

whether it can effectively control the average cluster size and the average distance among neighboring dot 

clusters. It is not an easy task for conventional error diffusion techniques as whether these parameters can be 

tuned flexibly is basically not their concern in their development. At the moment, only one halftoning algorithm 

is reported to be able to achieve the goal and it is developed based on feature-preserving multiscale error 

diffusion (FMED) [36]. By considering that FMED is a time-consuming iterative algorithm and not suitable for 

real-time applications, it would be a natural move to explore if we can develop an error diffusion-based algorithm 

that can produce halftones of the same noise characteristics. 

In this paper, a new TDED algorithm is proposed for producing halftones bearing the noise characteristics 

specified by BNM2. This algorithm processes image pixels sequentially with serpentine scanning. When 

processing a pixel, it selects a quantizer threshold and a diffusion filter from respective sets of optimized 

candidates according to the input gray level of the pixel. To support the algorithm, for each potential input gray 

level, a diffusion filter and a quantizer threshold are respectively optimized. The former is optimized to make the 

resultant halftone possess the desired noise characteristics that target for eliminating directional artifacts and 

regular structure patterns while the latter is optimized to compensate for the sharpening effect of a diffusion filter.  
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The organization of this paper is as follows. Section II reviews the original error diffusion algorithm. Section 

III reviews the different blue noise models that describe the desired noise characteristics of a halftone. In Section 

IV, based on a recently proposed blue noise model [36], we optimize a set of diffusion filters to support tone-

dependent error diffusion. This results in a new TDED algorithm. Section V shows how the proposed TDED 

algorithm removes the unwanted sharpening effect introduced by typical diffusion filters by adjusting the 

quantizer threshold based on the input pixel intensity value. In Section VI, a detailed analysis on the performance 

of the proposed TDED algorithm in terms of various measures is given. Simulation results on real images are 

provided for comparison in section VII. Finally, a conclusion is given in section VIII. 

 

 

 
Figure 1. Conventional error diffusion. 

 

2.  A review of error diffusion  

 Consider the case that one wants to halftone a gray level image X to produce a binary image H. Image X is 

normalized such that its maximum and minimum intensity values are 1 and 0 respectively.  

The working principle of a conventional error diffusion system is shown in Figure 1. Here, ),( nmx  and 

),( nmh  are, respectively, the intensity values of pixel ),( nm  of image X and image H. The quantization function 

)(⋅Q of the quantizer is given as 
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where 0t  is a threshold and is set to 0.5 in general when ),( nmx ∈[0,1]. The input to the quantizer is obtained by 
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where ),( nme  is the quantization error given as 

),(),(),( nmunmhnme −=  (3) 
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and ),( lkw  is the coefficient value of diffusion filter w at  position ),( lk . In practice, we have  

1),(),( =∑ ∈Slk lkw  to preserve the local energy. S  is a causal filter support with respect to the processing path 

such that only quantization errors of previously processed pixels are diffused into current position. Note that 

S∉)0,0( .  

3.  A review of blue noise models  

 The basic idea of blue noise halftoning is that a good quality halftone should have a frequency spectrum that 

only contains high frequency random noise. To quantify this idea, BNM [16] suggests that dots appearing in the 

halftoning output of a constant gray-level patch should be isolated and their distribution should be aperiodic, 

homogeneous, and isotropic. Halftones with such a dot arrangement have a radially symmetric spectrum. In 

addition, the spectral energy concentrates at a particular radial frequency defined as  
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where g is the gray level of the patch. This frequency is referred to as the principal radial frequency of gray level 

g, and there should be minimal energy in the frequency band below the principal radial frequency. This forms the 

signature characteristics of a blue noise spectrum.  

 In [35], Lau and Ulichney showed that, when the ideal blue noise model [16] is applied to practical cases in 

which dots can only be put on grid points, the desired principal radial frequencies for 0.25≤g≤0.75 can only be 

achieved by introducing more diagonal correlations among dots. However, the added correlation can create 

undesired visible patterns in which dots are more likely to occur along diagonal. This violates the isotropic 

requirement of the conventional blue noise model [16] and introduces directional artifacts. In view of this, Lau 

and Ulichney proposed a modification of BNM to maintain the isotropy of the spectrum for 0.25≤g≤0.75 by 

keeping the principal radial frequency constant after it reaches 0.5 as follows.  
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This can be achieved by clustering minority dots and then controlling the average distance between the centers of 

two neighboring dot clusters to be 2 when 0.25≤g≤0.75 occurs. 
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 Fung and Chan [36] observed that neither BNM nor BNM1  takes the stochastic nature of the dot distribution 

into account. This nature introduces considerable amount of noise energy in a narrow frequency band 

surrounding the principal radial frequency. This frequency band (referred to as ))(( gfB B  hereafter) can cause 

aliasing problem as shown in Figure 2(c) even if we clip )(gfB to 0.5 for 0.25≤g≤0.75 as requested by BNM1.  

In view of this, Fung and Chan [36] proposed a new blue noise model BNM2 in which )(gfB  is clipped to a 

value less than 0.5 instead to make the upper bound of ))(( gfB B  just touches the boundary of the baseband in 

the extreme case as shown in Figure 2(d). The aliasing problem can then be eliminated and the spectrum can still 

be isotropic for 0.25≤g≤0.75. In formulation, the preferred principal radial frequency in BNM2 is given as 
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where f(g)  is a monotonic increasing function that gradually increases from δ−25.0  to 0.5-∆. Parameter ∆ is 

the absolute difference between the upper bound of frequency band ))(( gfB B  and principal radial frequency 

)(gfB , and δ is a positive empirical parameter. Readers who are interested in the model can refer to Ref. [36] for 

more details.  

 Figures 2(b), 2(c) and 2(d)  highlights the conceptual difference of the three noise models in the power 

spectra of their desired halftoning outputs for a constant gray level patch when 0.25≤g≤0.75. When g is out of 

this range, all models prefer halftoning outputs of the same characteristics as shown in Figure 2(a).  

 
Figure 2. Power spectra of the desired halftones of a constant patch under different blue noise models: (a) all 

models, when ¾+δ<g or g<¼-δ; (b) BNM[16], when ¾+δ≥g≥¼-δ; (c) BNM1[35], when ¾+δ≥g≥¼-δ; 

and (d) BNM2[36] when ¾+δ≥g≥¼-δ. In each plot, the center square marks the baseband whose 

bandwidth in a direction is normalized to 0.5.  
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4.  Optimization of error diffusion filters 

 The proposed TDED algorithm requires a set of optimized diffusion filters for handling different input gray 

levels. In this section, we develop a g-dependent objective function based on noise model BNM2 and then 

optimize one diffusion filter for each possible gray level g by maximizing the corresponding objective function.  

4.1.   Objective function for each gray level 

 According to the noise models[16,35,36], a well-formed halftone of a constant patch of gray level g should 

consist of an isotropic field of dots or dot clusters with an average separation distance )(gBλ . This average 

distance is called the principal radial wavelength and its reciprocal provides the principal radial frequency of the 

halftone. 

 In reality, dots or dot clusters are separated with a distance around )(gBλ  due to the stochastic nature of their 

distribution. Let the center-to-center distance between 2 neighboring dots or dot clusters be d. Without loss of 

generality, we can assume that the distribution of d is Gaussian with mean )(gBλ  and most values of d fall in the 

range of [ )1)(( αλ −gB , )1)(( αλ +gB ], where α is a positive value. The variation of d in 

[ )1)(( αλ −gB , )1)(( αλ +gB ] introduces strong frequency components in a frequency band denoted as )(gBΦ  

whose radial frequencies are bounded by [ )1/()( α+gfB , )1/()( α−gfB ]. In formulation, we have 

)}1/()()1/()(|),{()( 22 αα −<+<+=Φ gfvugfvug BBB  (7) 

According to the noise models, noise energy should concentrate at principal radial frequency )(gfB  and hence α 

should be a small value to keep )(gBΦ  narrow.  

Eqn. (6) shows the preferred principal radial frequency for a particular g in BNM2. The function )(gf  in eqn. 

(6) is a monotonic increasing function bounded by δ−25.0 and 0.5-∆. According to [36], the value difference 

between δ−25.0 and 0.5-∆ is very small and it should be empirically derived based on the halftoning output of 

a specific halftoning algorithm. As halftoning output is algorithm-dependent and there is no way to get the 

halftoning results of the algorithm to be developed before its diffusion filters are defined, we are forced to 

simplify )(gf  to constant 0.5-∆. Then, from eqn. (6), we have δδ −=− 4/1)4/1(Bf  ∆−= 5.0 . Eqn. (6) can 

hence be rewritten as  
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According to model BNM2, )(gfB  should be bounded by 0.5-∆ to make sure that there is no aliasing. In 

view of the nature of ))(( gfB B  and )(gBΦ , the two frequency bands are considered identical when deriving our 

objective function for optimizing the diffusion filters. Their upper bounds should then be equal. At the extreme 

case where )(gfB =0.5-∆, their upper bounds are, respectively, )(gfB +∆=0.5 and )(gfB /(1-α), and hence we 

have )(gfB +∆ = )(gfB /(1-α) = 0.5. Through some manipulation, we have ∆=0.5α and then eqn. (8) can further 

be simplified as a function of α as follows. 
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 Eqn. (9) shows the desired principal radial frequencies for individual gray levels. By substituting eqn. (9) into 

eqn. (7), the bounds of )(gBΦ  are well defined as functions of g and α. According to BNM2, most of the noise 

energy should concentrate in frequency band )(gBΦ . Hence, the optimal diffusion filter for a particular gray 

level g can be determined by maximizing the noise energy in )(gBΦ  as follows. 

∑
Φ∈

=
)(),(

);,(ˆmaxarg)(
gvu

opt

B

gvuPg w
w

w  (10) 

under constraints   

1),(
),(

=∑
∈ zLlk

lkw   and  0),( ≥lkw  for all  zLlk ∈),(  (11) 

where )(gopt
w is the optimal diffusion filter for gray level g, ),( lkw  is the thlk ),(  coefficient of a diffusion filter 

denoted asw with filter support zL , and );,(ˆ gvuPw  is the magnitude of the thvu ),(  component of )(ˆ gwP , the 

estimated magnitude spectrum of the halftone of a constant patch of gray level g. )(ˆ gwP  is estimated using the 

averaging periodogram method based on P windowed portions of the halftone produced by error diffusion with 

error diffusion filter w . In formulation, we have 

∑
=
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P
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)(ˆ
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where F  is the discrete Fourier transform operator and )(gk
wh  is the thk  windowed portion of the halftone of a 

constant patch of gray level g.  

4.2.  Optimization algorithm  

 Without loss of generality, we assume that there are totally 256 possible input gray levels between 0 and 1. 

We optimized their corresponding diffusion filters sequentially starting with the one for g = 127/255. After one 

filter is optimized, the filter for the next lower gray level is optimized until the one for g = 1/255 is done. Since 

there is no quantization error to diffuse when g=0, the diffusion filter for g=0 is theoretically a “don’t care”. In 

our algorithm, it is simply made identical to )255/1(opt
w . Due to the symmetry property, diffusion filters for 

g≥128/255 can be obtained by )1()( gg optopt −= ww .  

Theoretically, one can exploit any optimization algorithms such as genetic algorithm[37] or simulated 

annealing[38] to search the optimal diffusion filter for gray level g based on objective function (10) under 

constraints (11). We believe that there will not be any major difference in the optimization results. The diffusion 

filters reported in this paper were optimized with the optimization algorithm the pseudo code of which is given in 

Figure 3. According to our simulation results, the set of filters optimized with the algorithm are good enough to 

provide halftones of the desired noise characteristics specified by BNM2 and also produce halftones of good 

quality in real applications. 

 

  

Select filter support zL   

Set iteration bound % =100   

Set perturbance bound ε0=0.025 

Initialize diffusion filter )(
*

gw  with eqn. (13)  

For  β=1:-0.2:0.2 

 ε = ε0 ×β 

 For  iteration i=1:% 

  Perturb )(* gw  to get Ω∈)(giw  

  Update )(
*

gw  with eqn. (15) 

 End 

End 

)()( * gg
opt

ww =  
 

Figure 3. The pseudo code for optimizing a diffusion filter for gray level g 
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The optimization algorithm is an iterative algorithm in which a filter is updated iteratively to maximize the 

objective function. Before it starts, a filter for gray level g, say )(* gw , is initialized as   







=

<+
=

255/127 if

255/127 if)255/1(
)(

0

*

g

gg
g

opt

w

w
w  (13) 

where 0w  is a filter whose coefficients are given as ),(0 lkw  = )/( 22 lkA +  for zLlk ∈),( . A is a normalization 

factor to make 1),(),( 0 =∑ ∈ zLlk lkw .  

In each iteration i, a new diffusion filter )(gi
w  is generated by randomly perturbing the coefficient values of 

)(* gw  under the constraint that Ω∈)(gi
w , where Ω is defined  as 

zLk,lglkwlkwlkw ∈∀≤−≥≥=Ω )(  ,|);,(),(| and 0),(1|{ * εw ;  and }1),( )( =∑ ∈ zLk,l lkw  (14) 

In eqn. (14), ),( lkw  and );,(* glkw  are respectively, the thlk ),(  coefficients of filters w  and )(* gw , and ε is a 

parameter that controls the maximum amount of perturbance.  

After generating filter )(gi
w , )(* gw is conditionally updated as follows.  

)()(* gg i
ww =         if    ∑∑

Φ∈Φ∈
>

)(),(
)(*

)(),(
)(

);,(ˆ);,(ˆ

gvu
g

gvu
g

BB

i gvuPgvuP ww
  (15) 

In other words, we keep the filter that can produce an halftone that contains more noise energy in frequency band 

)(gBΦ . This guarantees that )(* gw is the best diffusion filter in all the candidates we tested so far. As parameter 

ε is decreased every % iterations, the size of set Ω  shrinks and hence the convergence of )(* gw  is guaranteed. 

The final )(* gw  is selected as )(gopt
w . 

4.3.   Selection of zL  and α 

To reduce the complexity of the optimization, it would be better to confine the size of diffusion filter 

)(gopt
w  before optimizing it. By considering that a larger diffusion filter incurs a higher realization complexity 

and tends to blur the local spatial details in the resultant halftone images, we limit our choices to a few of sizes 

purposely.  Figure 4 shows four templates that define the support windows of the filters we investigated in our 

study. Template 4L  has the minimum size and it covers 4 pixels. Templates 6L , 10L  and 12L   are obtained by 
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gradually expanding 4L . It is achieved by gradually including the next nearest neighbors of *. Though these 

filters are small, our simulation results shown in later sections can prove that, after optimization, they are already 

good enough to produce halftones of the desired noise characteristics. 

Parameter α is a crucial parameter for the optimization of the diffusion filters because, as shown in eqn. (7), 

it determines the bandwidth of )(gBΦ  on which the objective function is based. Since the diffusion filters are 

optimized to maximize the noise energy of a halftone in )(gBΦ , one can expect that the noise energy peak falls 

in )(gBΦ . In other words, parameter α actually controls the principal radial frequency )(gfB   of the expected 

halftoning results obtained with the optimized filters.  

As shown in eqn. (9), the target principal radial frequency )(gfB  is bounded by 0.5(1-α) when 1-0.25(1-

α)
2≥ g≥0.25(1-α)

2
. This can only be achieved by clustering dots and then maintaining an average distance of 

2/(1-α) between the centers of two neighboring dot clusters. The larger the value of α, the more the extent of 

clustering is required. However, conceptually, it is more difficult to preserve the fine spatial details with larger 

dot clusters. In view of this factor, we should minimize α to make )(gfB  as close to 0.5 as possible under the 

constraint that α is large enough to make )(gBΦ  practically possible to accommodate most of the noise energy 

of a halftone.  

Figure 5 shows the impacts of α on the achieved noise characteristics of the halftones obtained with the 

diffusion filters optimized with the proposed optimization algorithm. The results were optimized under the 

condition that the filter support is 6L . The achieved noise characteristics are presented as plots of Radially 

Averaged Power Spectrum Density (RAPSD). RAPSD is a measure proposed in [9] for analyzing the spectral 

 

   
 Support 12L     Support 10L  

   
 Support 6L  Support 4L  

Figure 4.  Four templates of filter supports  
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characteristics of a halftone pattern. The ridges in the plots mark the principal radial frequencies of particular 

gray levels in their halftoning results.  

One can see in Figure 5 that a larger α shifts the principal radial frequencies more away from 0.5 when 

g>0.25. The amount of shift is roughly 0.5(1-α) as specified in eqn. (9). This verifies that, by tuning parameter α 

of the objective function, one can effectively control the noise characteristics of the halftones obtained with the 

optimized set of diffusion filters.  

As shown in Figure 5(a), when α=0.02, the principal radial frequencies are very close to 0.5. The energy 

peak tails extend into zΦ , the region in which the radial frequencies are larger than 0.5. This corresponds to the 

case shown in Figure 2(c). Accordingly, aliasing problem exists and pattern noise is expected in the halftoning 

results. This finding is not a surprise as BNM1 can be considered as a special case of BNM2 where α=0. 

Another observation we have is that, as shown in Figures 5(b)-(c), the amount of energy in zΦ  is more or 

less the same in cases when α = 0.1 and 0.2. It implies that the extent of clustering is unnecessarily increased in 

the cases when α > 0.1. Based on this observation, α =0.1 is suggested in this paper. All later discussions are 

mainly based on the optimization results obtained with α =0.1 unless other values are specified.  

Let us recall that our proposed diffusion filters are optimized by maximizing objective function  

∑
Φ∈

=
)(),(

);,(ˆ

gvu B

gvuPJ w   (16) 

For each filter support window zL  and gray level g, a corresponding optimized filter )(gopt
w  can be obtained 

with the optimization algorithm given in Figure 3. Figure 6 shows the performance achieved by the )(gopt
w  

optimized for a specific combination of zL  and g in terms of J value. One can see that, when 0.5≥g≥0.16, there is 

 

 

Figure 5. The RAPSD plots for α = (a) 0.02, (b) 0.1 and (c) 0.2 when diffusion filters with support template 6L  are 

used 
 



13 

 

no major performance difference among the filters with support windows 6L , 10L  and 12L  while the filters with 

support window 4L  has a lower performance than the others. When 0≤g<0.16, in most of the cases, the filters 

with support window 4L  are better than those with support window 6L , and their performance is comparable 

with that of the filters with support windows 10L  and 12L . Since a larger diffusion filter implies more realization 

effort in error diffusion, we use optimized filters with support window 4L  for 0≤g<0.16 and optimized filters 

with support window 6L  for 0.5≥g≥0.16 to reduce the complexity of the proposed TDED algorithm.  

 

 

Figure 6. The J performance of different optimized filters 

 

 

Apparently, this arrangement causes discontinuity at g = 0.16 and may introduce visual discontinuity in the 

halftoning output around g = 0.16. However, this problem does not happen in our simulation results. Note that 

filters for different gray levels are independently trained according to the model to provide the desirable noise 

characteristics. As long as the filters around g = 0.16 are well trained to provide halftoning outputs of the same 

characteristics, their outputs can mix harmoniously without discontinuity artifacts.   

 Figure 7 shows the coefficient values of the )(g
opt

w  used in our proposed TDED algorithm for 0.5≥g≥0. 

Though )(gopt
w for g<0.16 are actually filters with support window 4L , in Figure 7 they are presented as filters 

with support window 6L  coefficients )0,2(w  and )2,0(w of which are both 0. Diffusion filters for 1≥g≥0.5 can 

be obtained by )1()( gg optopt −= ww . 
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Figure 7. The coefficient values of the optimized diffusion filters for 5.00 ≤≤ g  

 

4.4.  Use of the filters 

The proposed TDED algorithm scans an input image with serpentine scanning and processes the pixels 

sequentially. For each pixel, it quantizes its accumulated pixel value and then diffuses the quantization error with 

filter )'(g
opt

w , where 'g  is the original intensity value of the pixel. When the quantization threshold is fixed to be 

0.5, this algorithm is referred to as TDEDB. The subscript B indicates that the TDED algorithm is optimized 

based on a blue noise model presented in [36]. Figure 8 shows the RAPSD performance of TDEDB. Up to this 

point, the proposed TDED algorithm has not yet taken the sharpening effect of a diffusion filter into account. In 

the next Section, this issue will be addressed and the proposed TDED algorithm will be further improved.    

 

Figure 8. The RAPSD plot of TDEDB  
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5.  Optimization of thresholds 

Sharpening is an inherent property of the conventional error diffusion system shown in Figure 1 and its 

extent is diffusion filter dependent. In [18], Knox and Eschbach introduced a modification to the error diffusion 

system shown in Figure 1 by adding a feed-forward path as shown in Figure 9 to directly control the extent of 

sharpening with the path gain K. It provides us a means to compensate for the sharpening effect as long as we can 

measure the extent of the sharpening introduced by the original error diffusion system. 

 

 

Figure 9. Modified error diffusion 

 

In [19], Kite et al. show that the sharpening effect of the error diffusion system shown in Figure 1 can be 

reflected by the linear signal gain of its quantizer. This linear signal gain, denoted as Ks here, can be evaluated by 

analyzing the system under the conditions that (1) the input image is normalized such that its original intensity 

values are bounded in [-0.5, 0.5], (2) the quantizer threshold is 0, and (3) the quantizer output is either -0.5 or 0.5. 

In formulation, it is defined as   

∑

∑
=

ji

ji
s

jix

jiyjix
K

,
2

,

),('

),(),('
  (17) 

where ),(' jix  is the input to the quantizer for pixel (i,j) and ),( jiy  is its output.  

For a system whose input pixel value and quantizer threshold are, respectively, g∈[0,1] and 0t  =0.5 as 

assumed in our discussion, the requested conditions for the system analysis can be satisfied after offsetting the 

system’s input, threshold and output values by -0.5.  

According to Kite et al.’s linear gain model, sharpening or blurring is introduced by the error diffusion 

algorithm when Ks≠1. If one wants to compensate for the sharpening effect by modifying the system as shown in 

Figure 9, the forward path gain K should be adjusted to be  
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ss KKK /)1( −=  (18) 

Note that eqn. (18) is only valid for a system whose input is bounded in [-0.5,0.5] and whose threshold is 0 as Ks 

is estimated under the aforementioned conditions. 

The proposed TDEDB basically adopts the same system framework shown in Figure 1, so its sharpening 

compensation can also be carried out based on a similar analysis after some modifications. In TDEDB, a 

particular diffusion filter )(gopt
w  for g∈[0,1] can only be used for a particular input gray level g, which makes 

K g-dependent as K is diffusion filter dependent. To study the sharpening effect introduced by a specific )(gopt
w  

in the system setup shown in Figure 1, we evaluated the corresponding linear signal gain Ks with a 512×512 

constant patch of gray level 'g =g-0.5∈[-0.5,0.5] as the input image after offsetting the system’s threshold and 

output values as mentioned earlier. After evaluating one Ks for each diffusion filter used in TDEDB, the one-to-

one correspondence between )(gopt
w  and 'g  allows us to have a Ks value for each input gray level 'g . The 

corresponding K value for each input gray level can then be obtained with formulation (18) and their connection 

is shown in Figure 10. As K is 'g -dependent, it can be considered as a function of 'g  and the K value for gray 

level 'g  is denoted as K( 'g ) hereafter.   

 

Figure 10. Gray level dependent forward path gain for input gray level '),( gnmx = ∈[-0.5,0.5] 

 

The change of K( 'g ) at 'g =±0.34 corresponds to the change between support windows 4L  and 6L  at g=0.16 

and 0.84. At a first glance, one may think this dramatic change may introduce unnatural boundary effect in a 

halftoning output. In fact, K( 'g ) is only an intermediate parameter for deriving the tone-dependent threshold used 
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in the compensation. We will see that the dramatic change in K( 'g ) does not cause a dramatic change in the 

threshold and hence we need not overly worry about it at this early stage. 

With the obtained tone-dependent K on hand, the sharpening effect of TDEDB can be compensated by 

adopting the system framework shown in Figure 9 and making the forward path gain be K( ),( nmx ), where 

),( nmx ∈[-0.5,0.5]    is the original intensity value of the pixel being processed.  

Adding a feed-forward path to the original error diffusion system as shown in Figure 9 is actually equivalent 

to turning the quantizer threshold of the system shown in Figure 1 from constant 0t  into a function of ),( nmx  as  

)),(()),((0
'
0 nmxnmxKtt ⋅−=   (19) 

The quantizer threshold then becomes tone-dependent. When ),( nmx ∈[0,1] instead of [-0.5,0.5] and the original 

threshold 0t  is 0.5 as assumed in our earlier discussion, the quantizer threshold should be adjusted to 

)5.0),(()5.0),((5.0'
0 −⋅−−= nmxnmxKt   (20) 

Figure 11 shows how '
0t  should change with ),( nmx  when ),( nmx ∈[0,1]. As mentioned before, there is no 

dramatic change at g=0.16 and 0.84. 

 

 

Figure 11. Tone-dependent threshold for ),( nmx =g∈[0,1] 

 

In summary, the proposed TDEDB can be further improved to compensate for the sharpening effect 

introduced by the diffusion filters by just replacing the original quantizer threshold 0.5 with a tone-dependent 

quantizer threshold. This improved algorithm adjusts its quantizer threshold and error diffusion filter according 

to the original input intensity value of the pixel being processed. For reference purpose, this improved algorithm 

is referred to as TDEDBS hereafter. The subscript S indicates that there is a sharpening control in the improved 

algorithm.  
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6.  Performance analysis 

 An analysis was carried out to study the performance of TDEDBS and the results are reported in this section. 

For comparison, the performance of some conventional error diffusion algorithms including [3], [4], [31], [32], 

[33] and [34] was also evaluated. Among them, [31], [33] and [34] are optimized according to BNM. The 

algorithm in [32] is not optimized based on any discussed blue noise models, but it is well believed to be one of 

the best halftoning algorithms. There are several versions of the algorithm presented in [32]. In our simulation, 

the one that works with 2-row serpentine scan was implemented for comparison as it provides the best 

performance in removing artifacts. As there is no reported error diffusion algorithm developed based on BNM1, 

no algorithm in this category is involved in our comparison study. Lastly, we note that [31], [32], [33] and [34] 

are all TDED algorithms as the proposed algorithm does. For each input gray level, they exploit a corresponding 

optimized filter to carry out the error diffusion.  

 In our study, constant gray-level patches of size 512×512 were halftoned with different evaluated algorithms. 

To avoid startup delay, five additional rows of random numbers are packed at the top of the patches and only the 

central portions of the halftoning outputs were used for analysis.  

Some input gray levels such as 1/255, 64/255, 85/255 and 127/255 are potentially problematic for error 

diffusion algorithms. Figure 12 shows the central portions of the halftoning results of these gray levels. One can 

 

 

Figure 12. The central portions of halftones of various algorithms. From left to right: (a) [3], (b) [4], (c) [32], (d) [31], (e) 

[33], (f) [34] and (g) TDEDBS. From Top to bottom: (i) g=1/255, (ii) g=64/255, (iii) g=85/255 and (iv) 

g=127/255 
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see that the proposed TDEDBS and Zhou et al.’s algorithm can successfully eliminate the directional artifacts and 

regular structure patterns while the others cannot when handling these problematic levels.  

 Figure 13 shows the spectra of the halftones that are partially shown in Figure 12. For better comparison, 

all spectra for the same input gray level g are normalized with respect to the maximum magnitude value of all 

their frequency components. One can see that the strong frequency components around the principal radial 

frequencies form perfect circular bands in the spectra of the proposed TDEDBS for all gray levels. It proves that 

the noise characteristics of TDEDBS’s halftoning outputs comply with BNM2. In contrast, bright spots or irregular 

patterns can be found in the spectra of other evaluated algorithms except [34] for some evaluated gray levels. 

These spots and patterns explain why there are patterns and directional artifacts in the corresponding halftones 

shown in Figure 12.  

 Figures 12 and 13 only show the results of some input gray levels. To have a complete picture, constant 

patches of all 8-bit gray levels were halftoned with different error diffusion algorithms and their outputs were 

evaluated in terms of RAPSD and Anisotropy. RAPSD and anisotropy are two measures commonly used to 

analyze the spectral characteristics of a halftone pattern. The details of their definitions can be found in [16].  

Figure 14 shows the RAPSD plots of various algorithms. In these plots, all RAPSD values are clipped by 4 

such that an easier comparison can be made among the plots. Among the evaluated algorithms, algorithms [3], [4] 

and [32] are not purposely designed to comply with any noise models. For some specific gray levels, there are 

outstanding peaks at some radial frequencies other than the principal radial frequencies in the RAPSD plots of 

algorithms [3] and [4]. These peaks contribute severe pattern artifacts in the halftones of these levels. 

 

Figure 13. The corresponding spectra of Figure 12. From left to right: (a) [3], (b) [4], (c) [32], (d) [31], (e) [33], (f) [34] and

(g) TDEDBS. From Top to bottom: (i) g=1/255, (ii) g=64/255, (iii) g=85/255 and (iv) g=127/255 
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Algorithms [31] and [33] are optimized for BNM. One can see that there are still some occasional isolated 

energy peaks in their RAPSD plots. Besides, when g∈[0.25,0.75], energy is packed in a range of radial 

frequencies instead of one single principal radial frequency in their RAPSD plots. Figure 2(b) serves as a good 

hint to explain this phenomenon. When g∈[0.25,0.75], the aliasing of ))(( gfB B  maintains a wide band of strong 

components in the high radial frequency region.   

Algorithm [32] is not optimized for any discussed blue noise models, but its RAPSD plot is similar to those 

of algorithms [31] and [33] in a way that energy is also packed in a range of radial frequencies when 

g∈[0.25,0.75] and the lower bound of the range is around radial frequency 0.5. 

 

Figure 14.  The RAPSD plots of various algorithms: (a) Floyd et al. [3], (b) Jarvis et al. [4], (c) Li et al. [32], (d) Ostromoukhov [31], 

(e) Hwang et al. [33], (f) Zhou et al. [34] and (g) TDEDBS 

Figure 15.  The anisotropy plots of various algorithms: (a) Floyd et al. [3], (b) Jarvis et al. [4], (c) Li et al. [32], (d) Ostromoukhov 

[31], (e) Hwang et al. [33], (f) Zhou et al. [34] and (g) TDEDBS 
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Figure 14(g) shows the RAPSD plot of the proposed TDEDBS. One can see that the noise spectral 

characteristics of TDEDBS successfully comply with BNM2 (eqn.(9)). There is only one single energy peak at the 

target principal radial frequency when g∈[0.25,0.75]. Note that this can only be achieved when the noise spectra 

of the halftoning results of all these gray levels are isotropic. Accordingly, one can expect that there is no pattern 

and directional artifact.  

 Although algorithm [34] is claimed to be optimized for BNM, its RAPSD shows that its noise characteristics 

is actually biased to model BNM2 instead of BNM. One can see that its RAPSD is very similar to TDEDBS’s. It 

explains why the quality of its halftoning outputs is better than those of algorithms [3], [4], [31], [32] and [33]. 

Figure 15 shows the anisotropy plots of various algorithms. Anisotropy measures the strength of directional 

artifacts and it is well accepted that directional artifacts at radial frequency rf  are not visually noticeable when 

dB0)( <rfA  happens. One can see that TDEDBS and Zhou et al.’s algorithm are obviously superior to others in 

terms of anisotropy. In Figures 15(f) and 15(g), )( rfA  is below 0 dB for almost all radial frequencies and all 

gray levels. For other algorithms except [32], their anisotropy performance is generally good for gray levels from 

0 to 0.25 only. These algorithms were not developed based on BNM2 and hence, as shown in Figure 2, there will 

be aliasing problem for g∈[0.25,0.75]  even though some of them are optimized according to BNM. In 

consequence, visible directional artifacts are expected in their outputs when g∈[0.25,0.75]. In contrast, the noise 

spectra associated with TDEDBS are all close to isotropic as requested by BNM2 when g∈[0.25,0.75]. Little 

directional artifact exists in the halftoning outputs of all gray levels and hence TDEDBS’s performance is good in 

terms of anisotropy. Zhou et al.’s algorithm also has a good performance in terms of anisotropy as it is explicitly 

optimized to maintain the symmetry of the noise spectrum of its halftoning outputs. 

A study was carried out to evaluate the performance of various algorithms in sharpening control as follows. 

Two 512×256 constant patches of different gray levels are concatenated to form a 512×512 step image and then 

processed to produce halftones with different algorithms. For each halftone, pixel values of each column are 

averaged and the average value of a column is plotted against the displacement of the column from the edge to 

describe the step response of the corresponding algorithm for comparison. Figure 16 shows the responses of 

different algorithms when the two gray levels are 0.3 and 0.7. One can see that, with our matched tone-dependent 

sharpening compensation method, the overshoot at the edge in TDEDB’s response can be eliminated in 

TDEDBS’s response. In terms of the overshoot extent, algorithm [32] also performs well in sharpening control. In 
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fact, among all evaluated algorithms, only TDEDBS and [32] take the sharpening issue into account and resolve it 

proactively. Similar results can be obtained when other gray levels were used to construct the step image.  

7.  Simulation results 

To study the performance of the evaluated algorithms on real images, some 8-bit gray-level testing images of 

size 512×512 are halftoned with these algorithms separately. The testing images include Mandrill, Barbara, Boat, 

Fruits, House, Lena, Man, Peppers, Airplane and Girl in our simulations.  

Figures 17 and 18 show some simulation results for comparison. Their ground truth is shown in Figure 19. 

Specifically, Figure 17 shows portions of different halftoning results of testing image Fruits. Directional artifacts 

and regular structure patterns can be found in the halftones produced by [3], [4], [31], [32] and [33] while there 

are no such artifacts in the outputs of the proposed TDEDB and TDEDBS. Figure 17(b) is obviously sharper than 

the other results shown in Figure 17 due to the sharpening effect of the diffusion filter used in algorithm [4]. As 

compared with Figure 17(h), Figure 17(g) is a bit sharper as no compensation for sharpening is carried out in 

TDEDB. The sharpness of Figures 17(c) and 17(h) is more or less the same. Among the evaluated algorithms, 

only TDEDBS and [32] take the sharpening effect of diffusion filters into account and perform corresponding 

sharpening compensation accordingly. Their results can hence truly reflect the sharpness of the original image in 

terms of Ks.  

Figure 18 shows the results for testing image Lena. The same observations mentioned above can be made. In 

fact, the mixtures of directional artifacts and regular structure patterns are even more visible in the background 

regions in Figures 18(a)-(e). They form noticeable false contouring artifacts that are visually disturbing. In 

contrast, the outputs of TDEDBS show no such false contouring artifacts and can present a smoothly changing 

 

 

Figure 16. Step responses of various algorithms 
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background as in the original. As for Figure 18(f), broken pieces of checkerboard pattern can be found in its 

upper portion. 

Figure 20 shows the halftoning results of a ramp image. Regular structure patterns can be easily found in 

Figures 20(a), (b), (d) and (e). Figure 20(c) contains some regular structure patterns in the mid-tone region while 

Figure 20(g) does not. One can see that there is a smooth transition around g=0.84 in Figure 20(g). The switch 

between filter supports 4L  and 6L does not introduce unnatural boundary effect in a halftoning output. 

Since clusters instead of dots are introduced by TDEDBS when handling the mid-tone gray levels, worm 

patterns are visible in Figure 20(g) when the input gray level is close to 0.5. However, as mentioned in [35], 

worm patterns are not necessarily bad as long as they are not directional and form twisting and turning paths to 

create a smooth texture. As shown in Figures 17(f) and 18(f), Zhou et al.’s results do not show worm patterns, 

but they look noisier than Figures 17(h) and 18(h) in the smooth regions. 

 

 

Figure 17. Portions of halftones of testing image Fruits generated by various algorithms: (a) Floyd et al. [3], (b) Jarvis et al. 

[4], (c) Li et al. [32], (d) Ostromoukhov [31], (e) Hwang et al. [33], (f) Zhou et al. [34], (g) TDEDB and (h) 

TDEDBS 
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Figure 18. Portions of halftones of testing image Lena generated by various algorithms: (a) Floyd et al. [3], (b) Jarvis et al. 

[4], (c) Li et al. [32], (d) Ostromoukhov [31], (e) Hwang et al. [33], (f) Zhou et al. [34], (g) TDEDB and (h) 

TDEDBS 

 

Figure 19. The ground truth of (a) Figure 17 and (b) Figure 18. 

 

As a final remark, we note that, like the proposed TDEDBS, both [31] and [33] are TDED algorithms and [33] 

optimizes a filter for each gray level as well. However, as shown in Figures 14(d)-(e), 15(d)-(e), 17(d)-(e), 18(d)-

(e) and 20(d)-(e), they are still not able to handle some gray levels well. By considering that one of the major 

differences between TDEDBS and them is the target noise model on which their optimization is based, we may 

deduce that, as compared with BNM, BNM2 is a better noise model to describe the desirable noise characteristics 

of a digital haftone in which dots can only be put on grid points. The facts that Zhou et al.’s algorithm [34] can 
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produce halftones of better quality as compared with algorithms [31] and [33] and that the noise characteristics of 

its halftones actually fits more to BNM2 than to BNM also support this interpretation. 

 

 

Figure 20. Ramp images generated by various algorithms: (a) [3], (b) [4], (c) [32], (d) [31], (e) [33], (f) [34] and (g) TDEDBS 

 

8.  Conclusions  

Error diffusion can produce halftones of fairly good overall quality with little computational complexity such 

that real time halftone generation can be supported. In this paper, we proposed a tone dependent error diffusion 

algorithm to produce halftones with the desired noise characteristics specified by the noise model presented in 

[36]. The algorithm adapts the diffusion filter and the quantizer threshold based on the input intensity value of a 
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pixel to produce a halftone. The former adaptation is for producing halftones of the desired noise characteristics 

while the latter adaptation is for removing the sharpening effect of a typical diffusion filter. 

To support the TDED algorithm, we defined a tone-dependent objective function based on the noise model 

proposed in [36] and then optimized a diffusion filter for each possible input gray level with the objective 

function. By bearing the desired noise characteristics, the halftoning outputs of the proposed TDED algorithm are 

able to distribute dots or dot clusters aperiodically, homogeneously, and isotropically for all gray levels. The 

spectrum of its halftoning result of a constant gray level patch is always isotropic even for midtone gray levels. 

Since there is no aliasing problem, the directional artifacts and regular structure patterns caused by aliasing can 

be eliminated.  

Simulation results showed that the proposed TDED algorithm can provide a better performance as compared 

with other error diffusion-based algorithms [3-5,31-33] in terms of RAPSD and Anisotropy. When processing 

real images, its halftoning outputs do not present visible directional artifacts such as worm artifacts, regular 

structure patterns such as checkerboard patterns, sharpening effects such as edge overshoots and the mixtures of 

these artifacts such as false contouring artifacts. 
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Figure caption list 

 

Figure 1.  Conventional error diffusion 

Figure 2.  Power spectra of the desired halftones of a constant patch under different blue noise models: (a) all 

models, when ¾+δ<g or g<¼-δ; (b) BNM[16], when ¾+δ≥g≥¼-δ; (c) BNM1[35], when 

¾+δ≥g≥¼-δ; and (d) BNM2[36] when ¾+δ≥g≥¼-δ. In each plot, the center square marks the 

baseband whose bandwidth in a direction is normalized to 0.5.  

Figure 3.  The pseudo code for optimizing a diffusion filter for gray level g 

Figure 4.   Four templates of filter supports  

Figure 5.  The RAPSD plots for α = (a) 0.02, (b) 0.1 and (c) 0.2 when diffusion filters with support template 

6L  are used 

Figure 6.  The J performance of different optimized filters 

Figure 7.  The coefficient values of the optimized diffusion filters for 5.00 ≤≤ g  

Figure 8.  The RAPSD plot of TDEDB  

Figure 9.  Modified error diffusion 

Figure 10.  Gray level dependent forward path gain for input gray level '),( gnmx = ∈[-0.5,0.5] 

Figure 11.  Tone-dependent threshold for ),( nmx =g∈[0,1] 

Figure 12.  The central portions of halftones of various algorithms. From left to right: (a) [3], (b) [4], (c) [32], 

(d) [31], (e) [33], (f) [34] and (g) TDEDBS. From Top to bottom: (i) g=1/255, (ii) g=64/255, (iii) 

g=85/255 and (iv) g=127/255 

Figure 13.  The corresponding spectra of Figure 12. From left to right: (a) [3], (b) [4], (c) [32], (d) [31], (e) 

[33], (f) [34] and (g) TDEDBS. From Top to bottom: (i) g=1/255, (ii) g=64/255, (iii) g=85/255 and 

(iv) g=127/255 

Figure 14.  The RAPSD plots of various algorithms: (a) Floyd et al. [3], (b) Jarvis et al. [4], (c) Li et al. [32], 

(d) Ostromoukhov [31], (e) Hwang et al. [33], (f) Zhou et al. [34] and (g) TDEDBS 

Figure 15.  The anisotropy plots of various algorithms: (a) Floyd et al. [3], (b) Jarvis et al. [4], (c) Li et al. [32], 

(d) Ostromoukhov [31], (e) Hwang et al. [33], (f) Zhou et al. [34] and (g) TDEDBS 

Figure 16.  Step responses of various algorithms 

Figure 17.  Portions of halftones of testing image Fruits generated by various algorithms: (a) Floyd et al. [3], 

(b) Jarvis et al. [4], (c) Li et al. [32], (d) Ostromoukhov [31], (e) Hwang et al. [33], (f) Zhou et al. 

[34], (g) TDEDB and (h) TDEDBS 

Figure 18.  Portions of halftones of testing image Lena generated by various algorithms: (a) Floyd et al. [3], (b) 

Jarvis et al. [4], (c) Li et al. [32], (d) Ostromoukhov [31], (e) Hwang et al. [33], (f) Zhou et al. [34], 

(g) TDEDB and (h) TDEDBS 

Figure 19.  The ground truth of (a) Figure 17 and (b) Figure 18 

Figure 20. Ramp images generated by various algorithms: (a) [3], (b) [4], (c) [32], (d) [31], (e) [33], (f) [34] 

and (g) TDEDBS 
 


