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Abstract

The surrogate data methodology is used to test a given time series for membership of specific classes of dynamical systems.
Currently, there are three algorithms that are widely applied in the literature. The most general of these tests the hypothesis
of nonlinearly scaled linearly filtered noise. However, these tests and the many extensions of them that have been suggested
are inappropriate for data exhibiting strong cyclic components. For such data it is more natural to ask if there exist any long
term (of period longer than the data cycle length) determinism. In this paper we discuss existing techniques that attempt to
address this hypothesis and introduce a new approach. This new approach generates surrogates that are constrained (i.e., they
look like the data) and for cyclic time series tests the null hypothesis of a periodic orbit with uncorrelated noise. We examine
various alternative implementations of this algorithm, applying it to a variety of known test systems and experimental time
series with unknown dynamics. © 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

The rationale of surrogate data hypothesis testing
is to generate an ensemble of artificialsurrogate time
series that are both “like” the original data and con-
sistent with some null hypothesis. One then applies
some test statistic (or indeed a battery of test statis-
tics) to both the surrogates and the original data. If
the test statistic value for the data is different from the
ensemble of values estimated for the surrogates, then
one may reject the underlying null hypothesis as be-
ing a likely origin of the data. If the test statistic value
for the data is not distinct from that for the surrogates,
then one may not reject the null hypothesis.
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This scheme was suggested and implemented by
Theiler et al. [26] and has been widely applied in the
literature. Initially, surrogate methods were intended
as a method to check the results of dimensional anal-
ysis against the possibility of misdiagnosing a purely
random signal as deterministic chaos. Surrogate tech-
niques are now widely applied as a form of hypothesis
testing. The essential feature of this methodology is
that one must have some algorithm with which to gen-
erate the surrogate data and some means to ensure the
surrogate data are sufficiently “like” the original (in-
deed we are yet to define what we mean by “like” [27])
while being consistent with a specified null hypothesis.

The three algorithms proposed in [26] address the
three hypotheses of: (0) independent and identically
distributed (i.i.d) noise, (1) linearly filtered i.i.d. noise
and (2) a static monotonic nonlinear transformation
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of linearly filtered noise. These three algorithms are
widely known in the literature as algorithms 0, 1 and 2.
In Section 2 we briefly review these algorithms and the
major modifications suggested since this original im-
plementation. An extensive review of the basic devel-
opments in this field and a summary of their own work
has been provided by Schreiber and Schmitz [16].

The three hypotheses addressed by surrogates gen-
erated by algorithms 0, 1 and 2 are all some form
of linear noise process (albeit with a static nonlinear
filter). Often, for experimental systems one observes
data with obvious periodic features, and these hy-
potheses should all be trivially false. In this case it is
natural to ask if there is any additional determinism
in the system. To this end, Theiler [25] proposed an
alternative hypothesis: one tests for long term deter-
minism by shuffling the individual cycles within a
time series. More recently, Small et al. [21] outlined
an improved algorithm that preserves both stationarity
and differentiability while testing a similar hypoth-
esis. The pseudo-periodic surrogate (PPS) algorithm
suggested in [21], and the testing and application of
it to experimental data, are the major novel contri-
butions of this paper. This algorithm and the hypoth-
esis it addresses will be discussed in Section 3. In
Section 4 we present some computational examples
of the application of the PPS algorithm.

2. Surrogate analysis: the current state
of technology

Before considering the algorithm proposed in [21] it
is necessary to examine, in some depth, current surro-
gate data technologies. The main observations of this
section are:

• The three most commonly applied algorithms only
provide surrogates to test for linearly filtered noise.

• Two of these algorithms are hampered by technical
issues related to the Fourier transformation.

• Solutions to these technical problems are available
but require either great computational expense or a
reduction in the amount of usable data.

• An alternative is to choose a test statistic that is
insensitive to the possible flaws in these algorithms.

• Two alternative algorithms have been suggested that
allow for the generic testing of more general null
hypotheses [16,18].

• However, both these methods suffer one important
flaw—the level of noise added to the surrogates is
at the user’s discretion.

• An alternative method has been suggested for data
exhibiting cyclic behavior; however, its application
is limited to data that exhibits sufficiently sharp
extrema and sufficient stationarity in the mean
[25].

When we come to discuss the PPS algorithm, we will
demonstrate that it addresses each of these points and
provides a useful test for time series with a cyclic
component.

Section 2.1 provides a quick review of the current
surrogate technologies. In Section 2.2 we discuss
issues concerned with generating constrained real-
izations (i.e., surrogates that are sufficiently like the
data) and pivotal statistics. In Section 2.3 we discuss
current techniques that can be employed to test for
null hypotheses more general than that of a mono-
tonic nonlinear transformation of linearly filtered
noise. In Section 2.4 we discuss the algorithm pro-
posed by Theiler [25] specifically to test for long term
determinism in periodic data.

2.1. The state of surrogate technology

The three linear algorithms described by Theiler
et al. [26] generate surrogates that preserve certain
properties of the data while destroying others. For
example, algorithm 0 surrogates are generated by
shuffling (randomizing the order of) the data in the
original time series. In this way the surrogates have
the same rank distribution as the data, but there is no
temporal correlation and therefore the surrogates pro-
vide a test of the hypothesis of i.i.d. noise. Similarly,
algorithm 1 surrogates are generated by shuffling the
phases of the Fourier transform of the data—thereby
preserving linear correlations (the power spectrum),
but destroying any additional (nonlinear) structure.
Finally, algorithm 2 surrogates are generated to pre-
serve both the rank distribution and the power spec-
trum of the data. Representative realizations of each
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Fig. 1. Examples of typical surrogate data sets. Panel (a) is a
human electroencephalogram (ECG) recording during ventricular
tachycardia (VT). The purpose of the PPS algorithm is to provide
a meaningful surrogate test for experimental data such as these.
Panels (b), (c) and (d) are realizations of typical surrogates of that
data set generated by algorithm 0, 1 and 2, respectively. These are
all linear surrogates and clearly distinct from the data. Panel (e)
is a cycle shuffled surrogate following the algorithm suggested by
Theiler [25]. Although this surrogate appears qualitatively more
like the data than the standard linear surrogates, there is a notable
non-stationarity not present in the data. The non-stationarity is a
result of the shuffling of individual cycles when peak values do not
precisely coincide. Finally, panel (f) is a typical surrogate generated
using the algorithm suggested in this paper. This surrogate is
qualitatively very similar to the original data. In each panel the
horizontal axis is datum number and is identical. The vertical axis
units are arbitrary (proportional to surface ECG voltage in (a)).

of the surrogate generation algorithms for strongly
periodic data are depicted in Fig. 1.

However, when applying the Fourier transform al-
gorithm, end mismatch can be a problem. For a time
seriesxt of N measurements, the Fourier transform
assumes thatxt is periodic with periodN . So if the
endpoints are not equal (or nearly equal) then this

introduces a discontinuity that manifests as additional
high frequency structure in the surrogate (see, for ex-
ample [16]). This problem may be circumvented by
ensuring that the end points do match (by reducing
the length of the data appropriately) or with the use
of a computationally much more expensive scheme
suggested by Schreiber [15] (see also [16]).

The former approach is suggested by Stam et al.
[22], who observed that for data exhibiting strong
periodic components, the most significant of these
algorithms (algorithm 2) does not perform well. The
problem is that the length of the time series in unlikely
to be an integer multiple of the dominant period, and
one therefore observes precisely the end mismatch
problem described above. In this case Stam et al. [22]
advocate re-sampling or truncating the data so that its
length is precisely a multiple of the dominant period.

Even forewarned with the above precautions, algo-
rithm 2 surrogates have been shown to perform poorly.
These surrogates are generated by shuffling the phases
of the Fourier transform (to preserve linear but not
nonlinear correlations) and then rescaling the data (to
act as a static nonlinear transformation and preserve
the rank distribution of the data). However, the rescal-
ing of the time series does not preserve the power spec-
trum (nor vice versa), and therefore surrogates only
haveapproximately the same power spectrum. While
in many cases this may be sufficient for the cautious
application of this algorithm [18], one has no guaran-
tee that false results will not be obtained as a result of
this approximation. In such cases Schreiber [15] pro-
vides a heuristic argument for an iterative version of
algorithm 2, which they assert works in a wide va-
riety of test systems. However, there is no guarantee
that this iterative procedure will necessarily converge
or do so within a feasible time.

2.2. Generating surrogates “like” the data

The effort that has gone into producing surrogates
which exactly preserve certain properties of the data
is to ensure the surrogates are sufficiently “like” the
data. By “like”, we mean that the surrogate time se-
ries areconstrained realizations of the hypothesis un-
der consideration. That is, if one were to estimate the
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specific process (i.e., model parameters) that is most
likely to have generated the data and the specific pro-
cess that is most likely to have generated the surrogate,
then these processes (the specific model parameters)
would be identical.

The alternative to constrained realizations are
typical realizations. Typical realizations are simply
realizations of any process consistent with the null hy-
pothesis. However, typical realizations are generally
perceived as undesirable because there is no guaran-
tee that the distribution of statistic values will be the
same for constrained realizations (the processes con-
sistent with the hypothesis that are most like the data)
[27]. Hence, although with typical realizations one
is able to estimate a distribution of statistic values,
one is unable to ensure that the distribution is the one
expectedgiven the test data.

However, if one chooses a test statistic for which
the distribution is independent of the particular real-
ization, then the problem of generating constrained
realizations (and many of the technical issues de-
scribed in the previous section) is immaterial. Such
a statistic is said to bepivotal. Small and Judd [18]
have shown that an unbiased estimate of correlation
dimension is a pivotal statistic and demonstrated the
application of correlation dimension as a test statis-
tic numerically. Therefore, the effort spent achieving
constrained realizations may be better expended try-
ing to find a pivotal test statistic.

For the surrogate algorithm discussed in this paper
we show that the realizations are indeed constrained.
Furthermore, we apply a host of test statistics, includ-
ing an estimate of correlation dimension, which we
argue is pivotal.

2.3. A null hypothesis of not noise

For data exhibiting cyclic behavior the situation is
particularly bad, not only are the algorithms prone
to failure and the remedies computationally expen-
sive, but also one expects data that exhibits periodic
structure to be inconsistent with the hypothesis of a
static monotonic nonlinear transformation of linearly
filtered noise (i.e., algorithm 2 surrogates). Therefore,
an alternative surrogate test and a more appropriate

hypothesis are required. Currently two approaches
have been suggested that extend to arbitrary classes
of systems and hypothesis tests.

Schreiber [15] has proposed a computationally ex-
pensive scheme to generate surrogates consistent with
a set of equality constraints. The scheme employs
simulated annealing to solve the resultant nonlinear
optimization problem (whereN observations of the
time series are the optimization parameters). Unfortu-
nately, the authors suggest that this approach is rather
demanding on computational resources, requiring
many hours of computational time on a modern PC
to generate a single surrogate [16]. This method also
introduces many operator specifiable parameters that
not only affect the speed but also the accuracy of the
algorithm [16].

Finally, Small and Judd [18] proposed using noise
driven iterated predictions of a nonlinear model of
the original data as surrogates. Provided one employs
a pivotal test statistic, it is not necessary to be con-
cerned about achieving constrained realizations. This
modeling process also necessarily introduces many
additional parameters, and in this case the hypothesis
being tested cannot be specified a priori, but rather is
a result of the modeling process.

Both these methods suffer from one significant
drawback: the noise level added to the surrogates
needs to be specified. In the approach of Small and
Judd [18], this noise level is an explicit parameter of
the iterated prediction scheme. An appropriate value
of noise may be suggested by the modeling procedure,
but either too much or too little noise is likely to lead
to misleading results.1 In the approach suggested by
Schreiber [15], the speed of the “cooling” during the
simulated annealing affects the accuracy of the solu-
tion, and therefore the level of noise in the surrogate.

In both cases, a user specifiable noise level is un-
desirable and distinctly at odds with the simpler and
more intuitive algorithms suggested by Theiler et al.
[26]. Such flexibility opens the way for unscrupulous
or unwise investigators to manipulate the noise level

1 It is possible to re-frame the null hypothesis to include the
specific noise level. But here we move from the realm of hypothesis
testing to that of model validation [11].
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to achieve desired results. However, with careful use
these methods may still be employed fairly and accu-
rately.

2.4. Testing pseudo-periodic data

If the time series under consideration contains
obvious periodic components, then so too must the
surrogates (see Fig. 1). This can be achieved by either
building nonlinear models with these features and em-
ploying a pivotal test statistic [18] or by constraining
surrogates to have these features and enlisting a sim-
ulated annealing approach [16]. However, both these
methods are computationally expensive and employed
for this specific purpose can be somewhat clumsy.

Theiler [25] suggested an alternative approach
analogous to algorithm 0. Instead of shuffling the
individual data points in a time series, one shuffles
the individual cycles. This shuffling of cycles should
destroy any structure with a period longer than the
cycle length. However, this method relies on the data
having a convenient place at which to break the cycles.
For the data Theiler [25] considered, epileptic en-
cephalograms, this was not a problem—the data was

Fig. 2. Cycle shuffled surrogates. Generation of cycle shuffled surrogates according to the method describe by Theiler [25] is depicted
here. The individual cycles are identified (panel (a)), separated (panel (b)) and reassembled in a random order (panel (c)). Panel (d) is
a representative time series and panels (e) and (f) are cycle shuffle surrogates generated by two alternative methods. Note that, if the
peak and trough values do not at all occur at exactly the same position, then the surrogate data is unable to preserve both stationarity
and continuity. By re-aligning individual cycles vertically, one is able to preserve continuity but not stationarity (panel (f)). Conversely,
preserving stationarity introduces spurious discontinuities or points of nondifferentiability in the surrogates (panel (e)). For the epileptic
encephalogram data described in [25] and for infant respiratory data in [19], this method performed well. However, the technique lacks
generality. In each panel the horizontal axis is datum number and the vertical axis is surface ECG voltage (in millivolts).

mean stationary and exhibited sudden strong peaks.
However, if the data is smooth and one is forced to
identify suitable breakpoints, then the surrogates nec-
essarily have either spurious discontinuities (at the
points where the cycles have been reassembled) or
suffer from non-stationarity (due to intra-cycle de-
pendence, but not necessarily of period longer than
the pseudo-period). Fig. 2 illustrates this. Even with
convenient breakpoints between cycles, Theiler and
Rapp [28] observed spurious long term correlation in
the autocorrelation plot for cycle shuffled surrogates.

Furthermore, the degree to which this method ac-
tually randomizes the surrogates is dependent on the
number of cycles present in the test time series. If,
for example, one was to employ a dynamic measure
(such as correlation dimension) as a test statistic and
the embedding window wasdw, then the embedded
points would only differ from the true points if the
embedding window crossed the cycle breakpoint. If a
time series ofN points hasp cycles, then each cycle
is approximately of lengthN/p, andN/p − dw + 1
embedded points will be identical for each cycle of
data and surrogate (ifN/p > dw). One must therefore
ensure the proportion of each embedded surrogate
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that is identical to the true data, 1− (p/N)(dw − 1),
is small.

In this paper we describe a new method, outlined
in [21], that overcomes these problems. This method
is the subject of the next section.

3. PPSs

In this section we will introduce the new surrogate
generation algorithm in three parts. In Section 3.1 we
describe the new PPS algorithm. Section 3.2 provides
a mathematical argument that surrogates generated by
this method do indeed mimic the periodic dynamics
of the system. Finally, in Section 3.3 we address the
issue of selecting parameter values for this algorithm.

3.1. The algorithm

Surrogate data suitable to test for pseudo-periodic
determinism in a time series must address the null hy-
pothesis of no determinismother than the periodic
behavior. In what follows we employ a time delay
embedding [24] of the data to extract the topological
features of the underlying dynamics. We wish to gen-
erate surrogates that preserve the large scale behavior
of the data (the periodic structure), but destroy any
additional small scale (chaotic, linear or nonlinear de-
terministic) structure.

The PPS algorithm we employ here is inspired by
the application of local modeling techniques to gener-
ate simulated time series. The various implementations
of local modeling techniques are local linear models
[4], local constant simplices [23] and triangulation
and tesselations [14]. We have studied the application
of these various methods for surrogate generation.
However, we find that the simplest approach actually
performs the best. Therefore, the implementation we
employ here is a local constant model over spatial
neighbors. This method avoids the added complica-
tions of these alternative schemes, and technically
detailed improvements described more recently (e.g.,
[13]). Surrogate time series are generated by inferring
the underlying dynamics from such a local model
and contaminating a trajectory on the attractor with

dynamic noise. With an appropriate choice of noise
level, intra-cycle dynamics are preserved but inter-
cycle dynamics are not. The null hypothesis these sur-
rogates address is a periodic orbit with uncorrelated
noise.

Our algorithm may be stated as follows:

(1) Define the time delay embedding{zt }N−dw
t=1 of the

scalar time series{xt }Nt=1 aszt = (xt , xt+τ , xt+2τ ,

. . . , xt+deτ ). For simplicity of notation we define
theembedding window dw = (de − 1)τ , wherede

and τ are theembedding dimension and embed-
ding lag, respectively.

(2) Choose an initial conditions1 ∈ {zt |t = 1, . . . ,

N − dw}.
(3) Let i = 1.
(4) Select one of the neighbors ofsi from {zt |t =

1, . . . , N − dw} at random, sayzj .
(5) Setsi+1 = zj+1 and incrementi.
(6) Repeat this procedure from step 4 untili = N .
(7) Take as the surrogate time series{(st )1 : t = 1,

2, . . . , N} (where (·)1 denotes the scalar first
coordinate of the vector).

Applying this algorithm, the vector time series
{st }t is a stochastic trajectory on the attractor ap-
proximated by{zt }t . That is, it is a random walk
on the attractor. It therefore has the same underly-
ing dynamics, albeit contaminated by noise, as the
original system. Also note that{st |t = 1, 2, . . . , N}
and{zt |t = 1, 2, . . . , N − dw} approximate the same
attractor, but the reconstruction achieved by a delay
embedding of{(st )1}Nt=1 does not.

3.2. Shadowing surrogates

Surrogates constructed according to this algorithm
follow the same vector field as the original data but
are contaminated with dynamic noise. The addition
of dynamic noise obliterates fine scale dynamics, i.e.,
any deterministic inter-cycle dynamic behavior.

We can demonstrate this more formally. Let∆ be
the underlying attractor andφ the underlying dynam-
ical operator. LetAN = {xi : i = 1, . . . , N} and
A = limN→∞AN . Takens’ theorem says that a home-
omorphismh exists betweenA and∆. Let f denote
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the composition of that homeomorphism withφ (i.e.,
f = h−1 ◦ φ ◦ h). Now we appeal to the shadowing
lemma [5]. By construction,{si}Ni=1 is an α-pseudo
orbit 2 of f whereα ≥ ᾱ and

ᾱ := max
i=1,2,...,N

‖f (si) − si+1‖.

(Note thatᾱ is just the maximum perturbation applied
in step 4 of the PPS algorithm.) The shadowing lemma
implies that for allβ > 0 there existsα̂ > 0 such
that if ᾱ ≤ α̂ then{si}Ni=1 is β-shadowed 3 by a point
y ∈ A.

Hence, if the perturbations applied in step 4 are
sufficiently small, then the surrogates will look like
a real trajectory ofA. Conversely, at each pointsi
the distance to the true statef (i)(y) is bounded,
d(si, f

(i)(y)) < β. Hence one requires that the ran-
domization is sufficient to perturb{si} from being
β-shadowing a point inA, but no more.

It is interesting to note the similarity between sur-
rogates generated in this manner and the so called
attractor surrogates described by Dolan et al. [3].
In [3] attractor surrogates are constructed (in two di-
mensions) as a coarse-grained, second-order Markov
model. The surrogates therefore resemble the original
two-dimensional attractor with the addition of noise.
The technique we describe here does not aim to ex-
actly reproduce the attractor in each surrogate, only
the periodic structure of the data. Furthermore, the
above shadowing arguments could not necessarily be
applied to attractor surrogates.

3.3. The parameters of the algorithm

In Section 2.3 we criticized two alternative sur-
rogate generation algorithms for user specifiable
parameters and adjustable noise level. However, one
immediately notices that the above algorithm has pre-
cisely three parameters: the embedding parametersde

and τ and the noise level (or rather the method for
selecting one of the near neighbors ofsi at random).
Since the aim of embedding the original time series is
to reproduce dynamics topologically equivalent to the

2 That is,d(si+1, f (si )) < α for i = 1, . . . , N .
3 That is,d(f (i)(y), si ) < β for i = 1, . . . , N .

true system dynamics, we are attempting to satisfy the
necessary conditions of Takens’ embedding theorem
[24]. Selection of parametersde andτ for successful
embedding is considered at great length in a wide body
of literature (see [1] for just one review). We therefore
do not consider that problem here; indeed, suitable se-
lection of embedding parameters is likely to be depen-
dent on the particular data set under consideration.4

Selection of appropriate noise level is an entirely
different problem. Excessive noise will produce sur-
rogates entirely unlike the data—in the limiting case
the surrogates will be equivalent to algorithm 0 sur-
rogates.5 Insufficient noise will produce surrogates
excessively like the data, leading to increased likeli-
hood of false positive results.

First let us define the form of the noise. We select
zj from among the neighbors ofsi with probability

Prob(zj = zt ) ∝ exp
−‖zt − si‖

ρ
. (1)

Admittedly, the restriction to this particular form of
randomization is arbitrary, but we feel that it is not en-
tirely unreasonable. However, we have experimented
with many alternative schemes, using, for example
a fully local linear model [4] or constructing local
simplices [23]. We concluded that (for our purposes)
these methods performed no better, and in most cases
worse, than with the current scheme. These methods
generally included additional user specifiable param-
eters. In the absence of any evidence to the contrary,
we prefer to employ the simplest model that will
produce the required dynamics (see [12]).

With the specification of Eq. (1), we have now re-
duced the problem to selection of thenoise radius ρ.
If ρ is too small then the surrogate and original data
will be identical (or largely identical). Ifρ is too large

4 It is important to observe that the embedding parameters used to
construct the surrogates may be selected with reference to the data.
However, any embedding parameters required for computation
of the test statistic (say correlation dimension) must be selected
independent of the test data. Otherwise one is effectively tuning
the test statistic to the data, thereby increasing the likelihood of a
false rejection of the null hypothesis, see [16].

5 This is not exactly true: algorithm 0 surrogates are typically
selected randomlywithout replacement. Under the influence of
excessive noise this method would randomly select points on the
attractorwith replacement.
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then the surrogate will be effectively i.i.d. noise. For
a finite data set, this means that at either extreme the
number of short (length≥ 2) segments of the surrogate
that are identical to the data will be small. At some
intermediate value, the number of short segments that
are identical will reach a maximum, and it is this max-
imum that we choose as the value of the noise radius
to generate surrogates. In all cases (to be discussed
in Section 4) we observe this characteristic behavior
and selectingρ in this way produces surrogates that
appear visually identical to the data but lack any long
term determinism. Further discussion of selection of
ρ may be found in [21].

4. Examples

In this section we apply the PPS algorithm to
several artificial and experimental systems. For each
time series that exhibits pseudo-periodic behavior, we
apply this algorithm to test the null hypothesis of a
periodic orbit with uncorrelated noise. However, we
must first determine a suitable test statistic.

4.1. The test statistics

Following the original motivation for surrogate
data, we employ a variant of correlation dimension
described by Judd [7,8]. The algorithm we employ
estimates correlation dimensiondc as a function of
observation scaleε0, and hence the results presented
here are curves ofdc(ε0). When applying correlation
dimension, one first needs to determine an embedding
dimensionm and embedding lag�. 6 If we select
optimal values ofm and� for the test data and then
employ the same values of the surrogates we are ef-
fectively selecting a test statistic (from a host of such
statistics) that is most likely to reject the given hy-
pothesis. Therefore, we select� as the first zero of the
autocorrelation of the data (this will be the same for
data and surrogates as periodic structure is preserved)
and letm = 3, 4, 5, . . . , 15.

6 These embedding parameters need not, and in general will not,
be the same as those used in Section 3 to generate the surrogate.
They may be the same, but it would be unwise to constrain them
to be so.

As a further precaution we employ several addi-
tional test statistics. We choose to employ a variant
of nonlinear prediction error as a test statistic, see
[22]. 7 We also estimate mutual information [1],
Lyapunov exponent based statistics8 described by
Hegger et al. [6], and higher order moments (kurtosis
and skewness).

In Section 4.2 we demonstrate the straightforward
application of this method to differentiate between
the chaotic and periodic behavior of the Rössler
system contaminated with noise. Although the time
series and embedded attractors appear exceedingly
similar [21], the PPS algorithm is able to correctly
identify the chaotic system. In Section 4.3 we take
the other extreme situation and consider the simplest
possible systems that could lead to rejection of the
null hypothesis: a periodic oscillator driven by linear
noise and a sinusoidal signal with chaotic forcing. In
both the cases, the PPS algorithm correctly identifies
the presence of long term determinism, despite the
fact that the systems appear indistinguishable from a
simple noisy periodic orbit.

The remainder of this section is devoted to the ap-
plication of this algorithm to a variety of experimental
time series. Sections 4.4–4.6 present the application
of this algorithm to human ECG data, annual global
climatic time series and the canonical annual sunspots
time series, respectively. In each case the system un-
der consideration exhibits some periodic structure.
We apply the machinery of PPS analysis and test for
evidence of additional long term determinism in these
systems.

Finally, in Section 4.7 we consider a slightly more
unusual application. We consider three financial data
sets, none of which exhibit obvious periodic cycles.
However, we find that application of the PPS al-
gorithm can still be employed in conjunction with
the standard algorithm 2 surrogates. Although al-
gorithm 2 surrogates (and therefore the hypothesis

7 Note that nonlinear prediction error is derived from a local
constant model of the same form as that which we employ to
generate PPS data [23]. It is therefore unclear to us, a priori, that
such a statistic would not be unduly biased [27].

8 Lyapunov exponent estimates are also based on local modeling
and may suffer the same weakness as nonlinear prediction error.
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of nonlinearly transformed linearly filtered noise)
is clearly rejected, PPS surrogates are not (in two
cases). We therefore conclude that the financial data
examined exhibits short termnonlinear deterministic
dynamics but no long term determinism.

4.2. The Rössler system

In [21] it was shown that this algorithm can differ-
entiate between chaotic and periodic systems in the
presence of noise. These results are summarized in
Fig. 3. The results presented in Fig. 3 and subsequent
plots compare correlation dimension estimates [7,8]
for the original time series and 50 PPS data sets. The
correlation dimension estimates for the surrogates are
presented as a contour plot. This contour plot is a
pictorial representation of the probability distribution
function (PDF) ofdc(ε0) for fixed distinct values ofε0.
That is, each vertical slice is a different PDF computed
using the kernel estimator described by [17]. The iso-
cline lines are selected automatically and uniformly.
Any value outside the lowest isocline corresponds to
a value outside the distribution of surrogate values.

From the Rössler differential equations [29] in
a chaotic and periodic regime (both period 2 and
period 6), we generate a simulation of 5000 points
(sampling rate 0.2 time units) with Gaussian variants
added to each component. Typical time series exhibit
an apparently periodic structure with large oscillatory

Fig. 3. Surrogate test results for the Rössler system. Each panel depicts a probability distribution of correlation dimension estimates (as a
contour plot) from 50 PPS data sets and the corresponding correlation dimension estimate for the data. Correlation dimension is estimated
using the method described by Judd [7,8] (thick solid line). For the chaotic Rössler data with dynamic noise (panel (a)), these results
indicate rejection of the null hypothesis. For the noisy periodic Rössler (panel (b)), these results indicate the null hypothesis cannot be
rejected. The horizontal and vertical axes are the dimensionless quantities logε0 and dc(ε0), respectively.

motion that repeats irregularly. We found that the time
series could not be easily differentiated by inspection,
but application of the PPS algorithm with correlation
dimension as a test statistic easily differentiated be-
tween the non-periodic and periodic dynamics [21].
Higher order moments and Shannon entropy as test
statistics were unable to differentiate between data
and surrogates. Mutual information provided signifi-
cant separation between data and surrogates only for
a small range of time lags.

4.3. Linear noise and chaos

Fig. 3 panel (b) shows the results of this algorithm
applied to a periodic system with noise. In this section
we tested the algorithm with periodic systems under
the influence of various noise sources. In each case
we examined a sine wave signal with additive noise.
Fig. 4 summarizes the results for white and colored
noise. In the case of white noise, the hypothesis test
is unable to reject the null hypothesis, whereas for
colored noise we conclude rejection is possible. This
is precisely as expected—a periodic orbit with white
(i.e., uncorrelated) noise is consistent with the null hy-
pothesis; in the presence of colored (correlated) noise,
the null hypothesis is rejected.

We also tested the algorithm in the presence of
deterministic chaotic dynamics (the Ikeda map [29])
superimposed on a periodic orbit. Although the
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Fig. 4. Surrogate test results for periodic orbits with noise. Each panel depicts a probability distribution of correlation dimension estimates
(as a contour plot) from 50 PPS data sets and the corresponding correlation dimension estimate for the data. Correlation dimension is
estimated using the method described by Judd [7,8] (see text). For the periodic orbit with white noise (panel (a)), these results indicate the
null hypothesis cannot be rejected. For the periodic orbit with colored noise (panel (b)), and for the periodic orbit with deterministic chaos
(the Ikeda map, panel (c)), these results indicate rejection of the null hypothesis. The horizontal and vertical axes are the dimensionless
quantities logε0 and dc(ε0), respectively.

non-periodic component in this case is temporally
correlated, that correlation is only short term. Higher
order iterates appear less correlated. Hence, the first
return map of the periodic orbit appears to behave
much like independent and identically distributed
noise (i.e., high dimensional dynamics). The PPS
algorithm generated surrogates that appeared quali-
tatively similar to the data; however, application of
correlation dimension as a test statistic led to clear
rejection of the associated null hypothesis.

4.4. Human electrocardiogram

Results of analysis of human electrocardiogram
(ECG) data have been presented in [21]. The results
of that work showed that human ECG during both

sinus rhythm and ventricular tachycardia (VT) were
not consistent with a periodic orbit with uncorrelated
noise. This result is significant because ECG during
both rhythms is regular and appears largely peri-
odic. Representative data during VT is depicted in
Fig. 1. Fig. 5 depicts typical PPS data generated for
a recording of sinus rhythm. Qualitatively the ECG
time series and PPS data are indistinguishable. How-
ever, surrogate analysis demonstrates that these time
series are inconsistent with the null hypothesis of a
periodic orbit with uncorrelated noise. The presence
of long term correlations and possibly determinism
indicates that analysis using techniques of nonlinear
dynamics, and examining inter-beat dynamics (the
so calledRR intervals) should prove fruitful. See [2]
for a compelling example of the control of cardiac
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Fig. 5. Data and representative surrogates for human sinus rhythm ECG. Panel (a) depicts a representative recording of human sinus rhythm
ECG. Panels (b) and (c) show representative PPS data sets. Qualitatively the data and surrogates appear indistinguishable. On each panel
the horizontal axis is the datum number and the vertical axis is surface ECG voltage (in millivolts).

arrhythmia in human subjects using the methods of
unstable periodic orbit detection and targeting.

4.5. Global climatic data

Time series data of monthly deviations from
monthly mean global air temperature9 are depicted
in Fig. 6, along with representative PPS and algorithm
2 surrogates. This data appears extremely noisy and
somewhat (mean) non-stationary. However, previous
analysis has shown that this data exhibits long term
periodic like behavior [20]. We do not differentiate
here between a limit cycle and a stable focus. The data
does not exhibit obvious periodicity, but the analysis
[20] suggests the existence of periodic structure.

We apply the PPS generation method and hypoth-
esis test to determine if this data may be adequately
modeled as a noisy periodic orbit or limit cycle. The
results of Fig. 6 show that this data is indistinguish-
able from the surrogates using correlation dimension

9 These data were obtained from the web site http://www.cru.uea.
ac.uk/tiempo/floor2/data/gltemp.htm.

and mutual information as test statistics. Results for all
other statistics (kurtosis, skewness, Shannon entropy,
local linear prediction and Lyapunov exponents) were
identical. We therefore find no evidence that these data
are inconsistent with the noisy linear model described
in [20].

4.6. Sunspots

In this section we examine a much shorter time se-
ries than previously considered. We test 301 annual
sunspot counts recorded since 1700. Unfortunately, we
find that the data is insufficient to make any conclusion
using this technique. Fig. 7 demonstrates that the PPS
algorithm is behaving as expected—in this case shuf-
fling the 11-year cycles. However, this randomization
is insufficient to differentiate between data and surro-
gates using any of the test statistics discussed in this
paper. Because of the limited length of the time series
(and the expected complexity of the physical system)
we find that the most likely explanation is simply a
lack of data.
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Fig. 6. Surrogate test results for global climatic data. Panel (a) depicts a probability distribution of correlation dimension estimates (as a
contour plot) from 50 PPS data sets and the corresponding correlation dimension estimate for the data (thick line). In this panel logε0

is plotted againstdc(ε0). Panel (b) is a plot of the mutual information (in bits) against time lag for 50 PPS data sets (dotted) and the
original time series (thick line). Panel (c) shows the original data. Panel (d) is a representative algorithm 2 surrogate, and panel (e) is a
representative PPS data set. Panels (a) and (b) show that the original time series and PPS data are indistinguishable; therefore, the null
hypothesis cannot be rejected. For panels (c–e) the horizontal axis is datum number and the vertical axis is proportional to the monthly
deviations from monthly mean global air temperature.
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Fig. 7. The annual sunspot time series and representative surrogates. Panel (a) depicts the original data, panels (b) and (c) are representative
PPS data sets. Analysis with PPS surrogates indicates the null hypothesis cannot be rejected. By examining the surrogates produced we
believe this may be due to insufficient data. Each surrogate appears qualitatively similar to the true data; however, upon closer inspection
one notices that entire orbits and indeed large sections of data are repeated. This is a result of insufficient data in the embedded space.
For each panel the horizontal axes is datum number (year) and the vertical axes in the normalized sunspot index.

This conclusion may appear disappointing, but it is
not a negative result. The PPS algorithm is providing
a demonstration that if we are to do more than charac-
terize the periodic orbit of this time series then we do
not (yet) have sufficient data. This is consistent with
results reported elsewhere [9,10].

4.7. Financial time series

The previous examples considered in this paper
have all had some “pseudo-periodic” structure. In this
section we examine three financial time series, none
of which have any periodic determinism. The data we
present are (i) daily gold prices (from 2 June 1969 to
19 August 1999), (ii) daily Dow-Jones industrial av-
erage (DJIA) (from 5 August 1956 to 24 April 1998)
and (iii) daily Japanese Yen/US Dollar (YEN/USD)
exchange rates (from 2 January 1980 to 7 June
2001). Each time series was pre-processed by taking
the difference between the logarithm of successive

values, i.e.,

zt = logyt+1

logyt

.

Furthermore, the resulting time series were tested with
standard algorithm 2 type surrogates and found to be
clearly distinct. However, it is possible to reach this
conclusion from simply inspecting the data, which
has significant short term correlation (over successive
days) and long term trends (variability in volatility).

Using only algorithm 2 surrogates, one may con-
clude that these systems are not consistent with a
monotonic nonlinear transformation of linearly filtered
noise. However, this does not mean that the appeal-
ing alternative hypothesis of long term determinism
is true. To test this data against the null hypothesis of
short term dynamics with uncorrelated noise, we ap-
ply the PPS algorithm and hypothesis testing as de-
scribed in this paper. For each data set we employed
the ensemble of test statistics described previously. In
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Fig. 8. PPS surrogate calculation for YEN/USD and DJIA data. Panel (a) depicts the results of PPS analysis for the YEN/USD exchange
rate data, panel (b) is the same calculation for the DJIA data. Analysis with PPS surrogates indicate the null hypothesis cannot be rejected.
Therefore, these systems are largely stochastic and exhibit no long term deterministic dynamics. The horizontal and vertical axes are the
dimensionless quantities logε0 and dc(ε0), respectively.

the YEN/USD and DJIA we found no evidence to re-
ject the null hypothesis. The likely conclusion is that
these time series exhibit only short term stationary
deterministic dynamics with uncorrelated noise (see
Fig. 8). Coupled with the rejection of the hypothesis
of a monotonic nonlinear transformation of linearly
filtered noise (algorithm 2 surrogates), we are led to
conclude that this data containsdynamic nonlinearly
filtered noise.

Conversely, for the daily gold price data, we found
that the time series and PPS data were significantly

Fig. 9. PPS calculation for daily gold price data. Analysis with
PPS surrogates indicate the null hypothesis can be rejected for
this data. This may indicate additional long term determinism not
found in the other two financial time series considered in this paper.
The horizontal and vertical axes are the dimensionless quantities
logε0 and dc(ε0), respectively.

different (Fig. 9). Therefore, for this system we were
able to reject the null hypothesis of short term station-
ary deterministic dynamics with uncorrelated noise.
This may indicate that this system exhibits greater
determinism and greater predictability. The simplest
explanation for this result is that the time series ex-
hibits correlated noise with a long correlation time.
In either case this represents deterministic and (be-
cause of the rejection of the hypothesis associated
with algorithm 2) nonlinear, information that may be
exploited for prediction.

5. Conclusion

The algorithm we have described in this paper pro-
vides a robust method to test pseudo-periodic time
series data for deterministic non-periodic inter-cycle
dynamics. We have shown that the PPS algorithm
is capable of testing against the null hypothesis of a
periodic orbit with uncorrelated noise in time series
with pseudo-periodic structure. This provides a useful
extension of existing techniques.

Of the alternative nonlinear surrogate tests that have
previously been proposed [15,18], this algorithm is
simpler and requires no user adjustable parameters. It
is also computationally less expensive than the meth-
ods proposed by Schreiber [15], and Small and Judd
[18]. We have found that this technique does not suffer
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from stationarity and continuity problems encoun-
tered with Theiler’s cycle shuffled surrogates [25].

We have demonstrated the application of this algo-
rithm to a variety of experimental systems. We found
the technique to be robust to noisy and non-stationary
data. In all cases higher order moments provided poor
discrimination as test statistic. Conversely, correla-
tion dimension performed the best. Significantly, we
concluded that human ECG is not consistent with a
noisy periodic orbit and the daily gold price data is
inconsistent with a system exhibiting only short term
determinism. These results suggest possible future
treatment regimes (ECG) and improved prediction
(gold). Practical application of nonlinear control tech-
niques to human cardiac arrhythmia has already been
demonstrated [2]. Successful application to financial
prediction is unclear.

Acknowledgements

MS is currently supported by The Hong Kong Poly-
technic University Post-Doctoral Fellowship Scheme.

References

[1] H.D. Abarbanel, Analysis of Observed Chaotic Data, Institute
for Nonlinear Science, Springer, New York, 1996.

[2] W. Ditto, M. Spano, V. In, J. Neff, B. Medows, J. Langberg, A.
Bolmann, K. MaTeague, Control of human atrial fibrillation,
Int. J. Bifurcat. Chaos 10 (2000) 593–601.

[3] K. Dolan, A. Witt, M.L. Spano, A. Neiman, F. Moss, Surro-
gates for finding unstable periodic orbits in noisy data sets,
Phys. Rev. E 59 (1999) 5235–5241.

[4] J.D. Farmer, J.J. Sidorowich, Predicting chaotic time series,
Phys. Rev. Lett. 59 (1987) 845–848.

[5] J. Guckenheimer, P. Holmes, Nonlinear Oscillations, Dyna-
mical Systems, and Bifurcations of Vector Fields, Applied
Mathematical Sciences, Vol. 42, Springer, New York, 1983.

[6] R. Hegger, H. Kantz, T. Schreiber, Practical implementation of
nonlinear time series methods: the TISEAN package, Chaos
9 (1999) 413–435.

[7] K. Judd, An improved estimator of dimension and some
comments on providing confidence intervals, Physica D 56
(1992) 216–228.

[8] K. Judd, Estimating dimension from small samples, Physica
D 71 (1994) 421–429.

[9] K. Judd, A. Mees, On selecting models for nonlinear time
series, Physica D 82 (1995) 426–444.

[10] K. Judd, A. Mees, Embedding as a modelling problem,
Physica D 120 (1998) 273–286.

[11] K. Judd, M. Small, Towards long-term prediction, Physica D
136 (2000) 31–44.

[12] K. Judd, M. Small, A.I. Mees, Achieving good nonlinear
models: keep it simple, vary the embedding, and get the
dynamics right, in: A.I. Mees (Ed.), Nonlinear Dynamics and
Statistics, Birkhauser, Boston, 2001, pp. 65–80 (Chapter 3).

[13] D. Kugiumtzis, O. Lingjærde, N. Christopherson, Regularized
local linear prediction of chaotic time series, Physica D 112
(1998) 344–360.

[14] A.I. Mees, Dynamical systems and tesselations: detecting
determinism in data, Int. J. Bifurcat. Chaos 1 (1991) 777–794.

[15] T. Schreiber, Constrained randomization of time series, Phys.
Rev. Lett. 80 (1998) 2105–2108.

[16] T. Schreiber, A. Schmitz, Surrogate time series, Physica D
142 (2000) 346–382.

[17] B.W. Silverman, Density Estimation for Statistics and Data
Analysis, Monographs on Statistics and Applied Probability,
Chapman & Hall, London, 1986.

[18] M. Small, K. Judd, Correlation dimension: a pivotal statistic
for non-constrained realizations of composite hypotheses
in surrogate data analysis, Physica D 120 (1998) 386–
400.

[19] M. Small, K. Judd, Detecting nonlinearity in experimental
data, Int. J. Bifurcat. Chaos 8 (1998) 1231–1244.

[20] M. Small, K. Judd, Detecting periodicity in experimental data
using linear modeling techniques, Phys. Rev. E 59 (1999)
1379–1385.

[21] M. Small, D. Yu, R.G. Harrison, A surrogate test for pseudo-
periodic time series data, Phys. Rev. Lett. 87, in press.

[22] C. Stam, J. Pijn, W. Pritchard, Reliable detection of non-
linearity in experimental time series with strong periodic
components, Physica D 112 (1998) 361–380.

[23] G. Sugihara, R. May, Nonlinear forecasting as a way of
distinguishing chaos from measurement error in time series,
Nature 344 (1990) 737–740.

[24] F. Takens, Detecting strange attractors in turbulence, Lect.
Notes Math. 898 (1981) 366–381.

[25] J. Theiler, On the evidence for low-dimensional chaos in
an epileptic electroencephalogram, Phys. Lett. A 196 (1995)
335–341.

[26] J. Theiler, S. Eubank, A. Longtin, B. Galdrikian, J.D. Farmer,
Testing for nonlinearity in time series: the method of surrogate
data, Physica D 58 (1992) 77–94.

[27] J. Theiler, D. Prichard, Constrained-realization Monte-Carlo
method for hypothesis testing, Physica D 94 (1996) 221–235.

[28] J. Theiler, P. Rapp, Re-examination of the evidence for low-
dimensional, nonlinear structure in the human electro-
encephalogram, Electroencephalogr. Clin. Neurophysiol. 98
(1996) 213–222.

[29] J. Thompson, H. Stewart, Nonlinear Dynamics and Chaos,
Wiley, Chichester, UK, 1986.


	Applying the method of surrogate data to cyclic time series
	Introduction
	Surrogate analysis: the current state of technology
	The state of surrogate technology
	Generating surrogates "like" the data
	A null hypothesis of not noise
	Testing pseudo-periodic data

	PPSs
	The algorithm
	Shadowing surrogates
	The parameters of the algorithm

	Examples
	The test statistics
	The Rössler system
	Linear noise and chaos
	Human electrocardiogram
	Global climatic data
	Sunspots
	Financial time series

	Conclusion
	Acknowledgements
	References


