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the unknown plant and the adaptive filter after convergence are shown
in Fig. 3(b) and (c), respectively. The average squared error between
the two responses was 2.4545 x 10™* over those 200 samples. We
can see from Fig. 3 that the adaptive process converged faithfully.
Fig. 4 shows the corresponding simulation results obtained by using
the LAIIRDF. Fig. 4(a) shows the squared output error (in dB) curve
when the summation of squared output error of the last 20 steps fell
below 1.0 x 107", The impulse response of the unknown plant is
shown in Fig. 3(b) and that of the adaptive filter after convergence
is shown in Fig. 4(b). The average squared error between the two
tesponses was 1.6666 x 10™* over those 200 samples.

V. CONCLUSIONS

We have presented a nonlinear adaptive IIR digital filter, namely,
the NAIIRDF. Because of the nonlinear operator involved in this
structure, this recursive digital filter is bounded-input/bounded-output
stable. Based on this structure, an individual adaptation scheme to
improve the convergence speed is incorporated into the adaptive
algorithm, which can adjust each different parameter at every iteration
so that their values are kept optimum for a new set of input samples.
Simulation results for adaptive linear IIR system modeling have been
given to demonstrate the performance of the proposed structure and
algorithm.
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Computing the Inverse DFT with the In-Place,
In-Order Prime Factor FFT Algorithm

Kin-Man Lam and Hong Yan

Abstract—In this correspondence, we present a method for computing
the inverse discrete Fourier transform (IDFT) by the in-place, in-order
prime factor FFT algorithm (PFA). This is achieved by modifying the
input and the output index mapping equations. This approach does not re-
sult in any additional cost in terms of program length and computational
time.

I. INTRODUCTION

Fast computation of the discrete Fourier transform (DFT) is of
considerable importance in many areas of digital signal processing.
However, due to the lack of efficient algorithms for the computation
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of long DFT’s, a long 1-D array is translated into a multidimensional
array by using prime factor index mapping.
The forward N-point DFT can be written as follows:
N-1
Xy =" rmWi* 1))
n=0
where k = 0.1, 2.---. N -1, and W = eap(—jLr)
The inverse N-point DFT has a similar expression as follows:

1 N—-1
r(n) = ¥ Z X(kyw" @
© k=0

where n = 0. 1. 2,---, N -1
As we are often interested in the relative values of the sequence,
1

the normalizing factor <- can be omitted. Thus

N1
IDFT, X (k) = 2'(n) = ) X(k)Wg"" A3)

k=0
In the case where the length N of the DFT is not prime, .V can
be factored as N = Ny N,---N,,, where all the N;’s and Nj’s
are relative prime for / # j. A linear mapping [1] can be applied
to transform this 1-D DFT into an m-dimensional DFT with the

following mapping equations:

n=<UILni4+Lany+---4+ Lyny, >~ @
k=< Mk, + Meky+--- + Mk >N 5)
for n,. k; =0. 1.--- N; — 1 and where < t > means the residue

of t.

A simple and more efficient indexing scheme [2], [3] results from
considering these equations not as an m-dimensional problem but
as a sequence of 2-D problems. The m-factor DFT is calculated
by performing N3 - -- N, length-N; DFT’s and then Ny N3 --- N,
length-2V; DFT’s, and finally, 2N, - -+ .V,,,_; length-N,, DFT’s. Each
of the m calculations will require a different two-variable map as
shown:

n=<Lini+ Ly > ©)

k=< Mki+ Lany >n @)
where L, = N/N, i=1--.m

Lo=N/{{N{Ng--- N Nigr - No) = N,

My =L LT!

n =0, 1.---. N, =1

ny =00 Lo 0 (NN, N N - N = 1)

From the input and output index mappings of (6) and (7), the
indices of the other dimensions (N7, - N, N1 -+ N,,) in
the mapping equations combine to form one index when one of the
dimensions of the DFT’s is being calculated.

II. CoMPUTING THE IDFT
The expressions for the forward and inverse DFT are very similar.
It is preferred that the forward DFT can be used in the computation
of the inverse DFT. One obvious way [4] to compute the inverse
DFT is by noting that

N-1
) =0 X (8

k=0
The inverse DFT is obtained by computing the DFT of the conjugate
of the input sequence and then by conjugating the output sequence.
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This approach requires additional steps to conjugate both the input
and output sequences. Another method [5] is based on the fact that
N-1
(n) =5[> GX (kYWRH" ®
k=0
and that

z(n) = a(n) +j-b(n) = j-z"(n)=b(n)+j a(n). (10)

Therefore, the IDFT of a sequence can be obtained by exchanging
the real and imaginary parts of the initial sequence, then performing
a forward DFT, and finally exchanging the real and imaginary parts
of the result.

In case of the in-place, in-order prime factor algorithm (PFA),
this permutation can be absorbed into the output index mapping (7).
From (3), it can be shown that

N-—-1
IDFT,. X (k) = Z X(k)Wr™*
=DFT_.X ) an

This means that the output of the inverse DFT is equivalent to that of
a forward DFT followed by a permuted output. This result means that
the same forward DFT program can be used for the inverse DFT by
modifying the coefficients of the mapping equations only. No extra
computational cost is required in calculating the inverse DFT.

For permuting the output index mapping, (7) becomes

k’ =N-< A{Ikl +L2n2 >N
=< Miki + Lyna >N

where M| =< —M, >n, L3 =< —Lz >n. The corresponding
input index mapping must also be modified so that the mappings are
in place and in order. Therefore, (6) is written as

n' =< Lini + Lynz > .

12)

(13)
Equations (13) and (12) form the input and output index mappings,
respectively. These two equations can be written as follows:

n——<

e >N (14)

’V
' =< ('\1 )kl (veN:i)n2 >N (15)
where a; = 1,71 = N, — (&_L)_ ,and ap = v2 = (11,—\’1) — 1. The
necessary conditions [3] for the two mapping functions to be in place
and in order are

N N
(al,Nz‘) = (Ozzgﬁ) = (’Yl.Ni) = (72,"]\/7) =1 (16)
where (a, b) is the greatest common divisor of a and b. It is obvious
that (a1, N;) = (a2, Ni) = (va, %) = 1. For (1. N:) = 1,1t is
proved as follows.
Proof: Let (N; — (;Vl,i)—l, N;) = ¢, where c is an integer. Then
Ni- (g =pe a7
N; =qc (18)
where p and ¢ are integers. Multiply (17) by ', and then, take
residue modulo N, and we have
N N N N
< Nlﬁi (N ) , >N, =< prﬁ >N,
. N
= Ni-1=< PN >gc
N
= —1=pc— —
chi kqc

N
= -1= C(pﬁ —kg) (19
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where k is an integer. Since all the quantities in (19) are integers and
c is a positive integer, c must be equal to 1. This completes the proof.

Under the conditions in (16) the input mdex mapping results in all
the & ~; Tow permutations for ny = 0,1,--, &~ N _ 1 being structurally
identical. Hence, although the positions of the columns in the 2-D
array may change, the elements within each column and their order
remain unchanged. This is an essential property because the column
DFT’s are computed in the next stage. Similarly, the column DFT’s
are also computed in place and in order.

In fact, a PFA program can be modified slightly for performing
both the forward and inverse DFT. A variable may be included to
indicate the type of operation to be performed. The PFA subroutine
is generally of the type such as the following:

PFA(XR, XI, N, FLAG)
float *XR, *XI;

int N;

int FLAG;

X R and X1 are the real and imaginary parts of the input sequence,
respectively, and of the result on output. If FLAG = 1(-1),
forward (inverse) DFT is to be performed. Inside the subroutine, the
coefficients Lo and M, are calculated using the following equations:

Ly =<FLAG' N; >n
M, =< FLAG - L]L;l >N .

(20)
@D

In fact, the coefficients for the mapping equations can be precalcu-
lated for specific applications.

III. CONCLUSION

The computation of the inverse DFT by means of PFA has
been examined. This is achieved by modifying the input and the
output index mappings only. This approach does not require any
extra computation. By modifying the PFA subroutine slightly, one
subroutine can be used for both the forward and inverse transforms.
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A New Transform with Symmetrical Coding
Performance for Markov(l) Signals

Feng Zou and Richard R. Gallagher

Abstract—Based on the DCT and DST-II, we present a new transform
that provides a symmetrical performance for positively and negatively
correlated Markov(l) signals. A fast computational algorithm is pre-
sented. A sufficient condition of symmetrical transforms is also provided,
and the idea of constructing the DCST is then generalized to the KLT’s
of any Markov(1) signal.

I. INTRODUCTION

The Karhunen-Loeve transform (KLT) is the optimal transform in
the sense of achieving minimum mean square error for the recon-
structed signals. The source model widely used for the measurement
of coding performances of various transform techniques is the first-
order stationary Markov process (Markov(1l)). The basis vectors
of the KLT for Markov(1) signals consist of a set of sinusoidal
sequences. For an autocorrelation coefficient |p| < 1, the frequencies
of these eigenvectors (referred to as eigenfrequencies [1]) are not
evenly distributed along the frequency axis. Therefore, an FFT-type
fast algorithm is not available for a general case. But for highly
correlated signals with p > 0, the KLT can be well approximated with
discrete cosine transform (DCT) (2], [3]. Because of the availability
of many fast computational algorithms [4], the DCT has been widely
used in practice. However, for negatively correlated signals (—1 <
p < —0.5), its performance is greatly inferior to the KLT [5]. On
the contrary, the discrete sine transform-II (referred to as DST for
simplicity) renders the best performance in this range of p, though its
performance is not satisfactory for p > 0. We define a symmetrical
transform as the one that provides the same coding performance for
both positively and negatively correlated Markov(1) signals. Neither
the DCT nor the DST is symmetrical. However, based on the DCT
and DST, we introduce a new transform that provides symmetrical
performance for the Markov(1) signals.

II. DISCRETE COSINE-SINE TRANSFORM

A. Discrete Cosine-Sine Transform
The autocorrelation function of a Markov(l) process has the
following normalized format:

[m—n]

Pli—n| = P -1<p<1. 1
The basis vectors of its KLT for .V even are given by [3], [6]
o(k.m) = Nj/\k sin [wk{m — (%)} + (k+ 1)%]
0<mk<N-1

)

where m and k are time and spectral indexes, respectively; {wy } are
the positive roots of the transcendental equation

(1 — p?)sinwy

Nuwp) = — 3
tant Nwi) coswi — 2p + p? cos wy )
and the eigenvalues Ay are given by
2
Ak 1= 0<k<N -1 @

=1 — 2pcoswy + p?
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Assume for p = p, > 0, the roots of (3) are wi,. When p = —p,,
we can write (3) as

(1- p,?,)sinwk
coswk + 2pp + pZcoswi

tan(Nwg) = 5)
It is easy to verify that {m — wg,} are the roots of (5), i.e., the
eigenfrequencies of p, and —p,, are symmetrical with respect to 7 /2.
As p — 1, KLT — DCT, with basis vectors defined as

Gc(k.m)
JEcos ey 1<k<N-1
= ? N - 0<m<N-1.

* k=0
)

The N eigenfrequencies are given by

k
iy = - < k<N -1, @)
Thus (7 — ’f\—f') or

o=l o<k N -1 ®)

are the roots of (3) as p — —1. By the procedures similar to [3]
or [6] we obtain
®a(k.m)
Zsin (22 (k+1)7) 0<Kk<N -2
k=N-1

N
S leomyE

which is the definition of the DST (i.e., DST-II).

Taking the N/2 even basis vectors (0, 2, - --) from DCT and the
N/2 odd basis vectors (1, 3, ---) from DST, we define the discrete
cosine-sine transform (DCST) matrix as follows:

0<m<N-1.

(&)

/1
= k=0
N
_2_(.0527714:1".”, ;‘.:2”1’.””\7_2
. _JVN 2N
o(k.m) = 3 om 41
/ m
L in Tk r=1.3.....N=3
Nsm R (k+1)m k=13
(-nm % k=N-1
. (10)
Also, we can write
2 2m+1
o(2k.m) = ax 7\;('05 mN km
2 1
o2k + 1.m) = akxs %sin m\—)— (k+1)m
N - 1=0.N/2
- 9 ... =4 V2
k=012 5 =la {1 1=1.2....x2-1.4D

The forward and inverse DCST’s are defined as
N=1

F(n) = Zo(n.m)r(m) 0<n<N-1 (12)
m=0
and
N-1
r(m)= Z o(n.m)F(n) 0<m<N-1 (13)

n=0
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