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Abstract—This paper studies a system of parallel-
connected dc/dc buck converters under democratic current-
sharing control. Under this control scheme, the reference
current is generated by a typical proportional-integral (PI)
controller for voltage regulation and the currents in indi-
vidual converters are programmed by a built-in interleaving
switching control. The effects of variations of practical pa-
rameters such as proportional gain, integral time constant,
duty ratio and output power level are studied. Extensive
simulations are performed to capture the Hopf bifurcation
boundary which is the first instability boundary of practical
importance. Unlike those in some previous studies which
use abstract system parameters, the results in this paper are
presented in terms of practical parameters and hence can be
directly used for comparison of operating ranges for prac-
tical parallel-connected converters.

1. Introduction

Power supplies based on paralleling switching convert-
ers offer advantages over a single and high-power power
supply. They enjoy low component stresses, increased
reliability, increased power processing capability and im-
proved fault tolerance [1]–[3]. Parallel converter systems
become very popular in distributed power systems for
front-end and load converters.

In parallel converter systems, mandatory control is
needed to ensure proper current sharing, and many effec-
tive control schemes have been proposed [4]–[11]. One
widely used method for balancing the currents is the demo-
cratic current sharing method [6], [8], [9]. In this method,
a common reference current is generated from some form
of feedback, and each converter’s inductor current needs to
follow this reference current tightly. As a result, all mod-
ules share the load current equally.

In this paper, we attempt to study the stability of a system
of parallel-connected buck converters under a democratic
current-sharing control. We will study the first instability
boundary, which is a Hopf bifurcation boundary, in terms
of variations of some practical design parameters.

The paper is organized as follows. In Section 2, we
present the control method of the parallel buck converter
system and give the exact state equations that describe the
system’s dynamics. In Section 3 we present the stability
boundaries and some discussions about the results.
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Figure 1: Parallel-connected buck converters under demo-
cratic current-sharing control.

2. Operation of the Parallel Converter System

2.1. Current-Sharing Control Operation with Built-in
Interleaving

Figure 1 shows the parallel system under study. It con-
sists of two dc/dc converters which are connected in paral-
lel feeding a common load. In this system, an appropriate
current sharing scheme is needed to ensure that the cur-
rent drawn by the load is shared properly between the two
converters. In this paper, assuming that the parameters of
the two converters are identical, and the current drawn by
the load (output current) is shared equally. Also, a peak
current-mode control scheme is employed. Denoting the
two converters as Converter 1 and Converter 2, as shown
in Fig. 1, the operation of the system can be described as
follows. The converters are operating in continuous con-
duction mode. Both converters are controlled via a simple
current-mode control scheme, in which the inductor cur-
rent of Converter 1, i1, and that of Converter 2, i2, are com-
pared with a reference current iref (which defines the peak
inductor current) to generate the control signals that drive
switches S 1 and S 2. Under our peak current-mode control
scheme, after S 1 (S 2) is turned on, i1 (i2) ramps up until
it reaches iref , then S 1 (S 2) is turned off and i1 (i2) ramps
down. S 1 (S 2) remains off until it is turned on by the peri-
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Figure 2: Steady-state inductor current waveforms under
the built-in interleaving switching scheme, showing the
switching sequence in each switching period (d ≤ 0.5).

odic clock signal. At the beginning of each switching pe-
riod T (i.e., t = nT ), only one switch is turned on. In our
case, S 1 and S 2 are turned on alternately by the periodic
clock signal, i.e., each switch is actually turned on every
2T . The scenario is illustrated graphically in Fig. 2.

The system is a closed-loop system. The reference cur-
rent iref is generated from the output voltage through a typ-
ical proportional-integral (PI) controller. It is adjusted au-
tomatically such that the output voltage is regulated.

2.2. Exact State Equations

In this subsection, we derive the state equations for the
system of parallel-connected buck converters. Using the
state equations, simulation of cycle-by-cycle time-domain
waveforms as well as bifurcation diagrams can be per-
formed. Figure 1 shows the schematic of two buck convert-
ers connected in parallel. The presence of four switches
(S 1, S 2, D1 and D2) allows a total of sixteen possible
switch states, and in each switch state the circuit is a linear
third-order circuit. The diodes (D1 and D2) are assumed to
be ideal, with threshold equal to zero.

The system can be regarded as a variable structure that
toggles its topology according to the states of the switches.
When the converters are operating in continuous conduc-
tion mode, diode Di is always in complementary state to
switch S i, for i = 1, 2. That is, when S i is on, Di is off,
and vice versa. Hence, only four switch states are possible
during a switching cycle, namely (i) S 1 and S 2 are on; (ii)
S 1 is on and S 2 is off; (iii) S 1 is off and S 2 is on; (iv) S 1

and S 2 are off. The state equations corresponding to these
switch states are generally given by

ẋ = A1x + B1E for S 1 and S 2 on
ẋ = A2x + B2E for S 1 on and S 2 off
ẋ = A3x + B3E for S 1 off and S 2 on
ẋ = A4x + B4E for S 1 and S 2 off,

(1)

where E is the input voltage, x is the state vector defined as

x = [v i1 i2]T , (2)

and the A’s and B’s for the case of two buck converters are
given by A1 = A2 = A3 = A4 =⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
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(4)
The reference current iref is derived from the feedback

compensator. Here the compensator is a PI controller, i.e.,

Iref (s)
Ve(s)

= −Kp

(
1 +

1
Tis

)
(5)

where Iref(s) and Ve(s) are the Laplace transforms of iref(t)
and ve(t); ve(t) is the error between the reference voltage
Vref and the output voltage vo; Kp and Ti are the parameters
in the PI controller.

According to the feedback circuit (in Fig. 1), we can de-
rive the state equation for iref

d
dt
iref = −K1

d
dt
vo − K1

TF1
vo +

K1

TF1
Vref . (6)

Also, the output voltage vo can be written as

vo = v + rCiC = v + rC
(
i1 + i2 − voR

)
(7)

where K1 is the proportional gain, K1
TF1

is the integral gain
(TF1 is the integral time constant), and Vref is the reference
voltage. In circuit terms, K1 = RF1/R1 and TF1 = RF1CF1.
Equations (1) and (6) together form the complete set of
state equations for the whole system. It is a fourth-order
system.

Under normal operating condition, the system settles it-
self in an interleaving operation with i1 and i2 repeating
themselves with a period of 2T . It should be noted that the
output current (which is the sum of i1 and i2) and the capac-
itor voltage v are still in periodic operation with period T .
The duty cycle d is defined as the ratio of the turn-on time
(of Converter 1 or 2) to the period of 2T . There are two
possible scenarios, i.e., d ≤ 0.5 and d > 0.5. In this paper,
we only focus on the one which corresponds to dn ≤ 0.5.
Its sequence of switch states in each 2T period takes the
order as shown in Fig. 2, i.e., starting with “S 1 on S 2 off”,
passing through “S 1 and S 2 off” in the first switching pe-
riod, then passing through “S 1 off S 2 on” and ending with
“S 1 and S 2 off” in the second switching period. Figure 2
shows the steady-state inductor currents and the reference
current waveforms.
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Figure 3: Period-1 trajectory of v vs i1 + i2 in the stable
region for d = 0.4.
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Figure 4: Quasi-periodic trajectory of v vs i1 + i2 in the
“unstable” region for d = 0.4.

3. Simulation Results

In this section, simulation results of the parallel con-
verter system are presented. As mentioned before, we per-
form computer simulations based on the exact state equa-
tions and the alternating switching rule on the operation of
the system derived in Section 2. Moreover, we will study
the effects of varying certain controller and system param-
eters on the stability of the system. The circuit parameters
used in our simulations are shown in Table 1.

Depending on the various parameters, the system can ex-
hibit either stable or unstable trajectories.1 In this case, due
to the presence of the outer voltage loop which is band-
limited, the typical bifurcation with which the system loses
stability is a Hopf-type bifurcation [11]. A typical trajec-
tory of v vs i1 + i2 in the stable region (before Hopf bifur-
cation) is shown in Fig. 3. It is a stable T -periodic orbit
and is the desired normal operation of practical power con-
verters. A typical trajectory of v vs i1 + i2 in the unstable
region (after Hopf bifurcation) is shown in Fig. 4. It is a
quasi-periodic orbit.

1Engineers usually refer to an operation as being “unstable” if it does
not belong to the expected or desired operating regime. The so-called
“unstable” operation may not be unstable in the strict mathematical sense.

Circuit Components Values
Switching Period T 40 μs
Input Voltage E 26—40 V
Reference Voltage Vref 12 V
Inductance L1, ESR rL1 3.0 mH, 0.05 Ω
Inductance L2, ESR rL2 3.0 mH, 0.05 Ω
Capacitance C, ESR rC 4. μF, 0.01 Ω
Load Resistance R 1—10 Ω

Table 1: Component and parameters values used in simu-
lations. (ESR stands for equivalent series resistance.)

First of all, we fix the output power Po level at 14.4 W
(vo=12 V and R=10 Ω), and identify the stable region in
the parameter space of K1 and 1/TF1. Figure 5 shows the
stability boundaries for different duty ratios. The duty ratio
is given by vo/E in our system. The area under the bound-
ary corresponds to the stable region while the area above
the boundary is the unstable region. The stable range of K1

diminishes rapidly as 1/TF1 increases. We observe that for
a smaller duty ratio, the stable region is larger.

Next, we fix the duty ratio at 0.3, and identify the sta-
ble region in the parameter space K1 and 1/TF1. Figure 6
shows the stability boundaries for different output power
levels. The output power is given by vo2/R in our system.
For a higher output power level, the stable region is larger.

Then, we fix the duty ratio at 0.3, and identify the stable
region in the parameter space K1 and Po. Figure 7 shows
the stability boundaries for different values of 1/TF1. For a
smaller value of 1/TF1, the stable region is larger.

Finally, we fix 1/TF1 at 1000 s−1, and identify the stable
region in the parameter space K1 and Po. Figure 8 shows
the stability boundaries for different values of the duty ra-
tio. For a smaller duty ratio, the stable region is larger.

From the simulation results, we observe that increasing
K1, 1/TF1 and the duty ratio will decrease the size of the
stable region. On the other hand, increasing the output
power level will increase the size of the stable region.

4. Conclusion

In this paper, a system of parallel buck converters un-
der democratic current-sharing control has been studied.
The system is a closed-loop system, with the reference cur-
rent generated from a typical PI controller. We study the
effects of actual practical design parameters, such as cir-
cuit and controller parameters, on the system’s stability.
Based on the simulations results, stability boundaries are
constructed, which are useful for practical design.
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Abstract—This paper is concerned with the application
of a server type RTK-GPS to electric power systems. It en-
ables us to observe the movements of electric power equip-
ments accurately in real-time at a distant surveillant sta-
tion. The experimental results indicate that this server type
RTK-GPS can measure the three dimensional movements
of poles with centimeter order’s accuracy.

1. Introduction

Electric power systems has repeatedly suffered from nat-
ural disasters such as typhoons, earthquakes, and tsunamis.
Kagoshima in Japan is located in a typhoon path, thus
its power systems have been destroyed by typhoons every
year. In order to ensure the rapid restoration, we need to
measure the accurate amount of change from normalcy for
each installation.

In this paper we consider a surveying system to observe
the movements of electric power equipments in real-time at
a distant surveillant station by utilizing GPS (Global Posi-
tioning System)[1–8]. The GPS is the satellite navigation
system operated by USA. Its cousins are called GLONASS
by Russia, GALILEO by EU, and QZSS by Japan.

There are two types of GPS surveying methods, one of
which is by code pseudo ranges and the other is by carrier
phases. To acquire high-precision positioning, we make
use of the method of carrier phase measuring. The car-
rier phase differential GPS is often used for precise posi-
tioning such as a geodetic surveys. Antennas at a refer-
ence station and of the other receivers take the signal data
from the satellites simultaneously. Their data is processed
to get the relative locations among observation points. By
using information from the reference station, the original
RTK-GPS (Real-Time Kinematic Global Positioning Sys-
tem) enables each roving receiver to determine its coordi-
nates of the trajectory in real-time.

On the other hand, in this paper we explore a modifica-
tion of RTK-GPS which has a server at a surveillant station.
By this server, the coordinates of equipments’ movement is
calculated by accepting the signal data from plural anten-
nas, one of which is of the reference station and the other
are of objective equipments. The signal data are transmit-
ted by cables, networks, or wireless phones, etc. Hereafter,
we simply call this system as a server type RTK-GPS.

The experimental results show that this server type RTK-
GPS can measure the movements of poles with centimeter

order’s accuracy at a surveillant station.

2. A Server Type RTK-GPS

We design a server type RTK-GPS whose conceptual
scheme is shown in Fig.1.

Assume that n satellites are caught by receivers k and
m simultaneously. Let Satellite p (p = 1) be a reference
satellite and the others be Satellite q {q = 2, 3, · · · , n}. The
receiver k of a reference station is set at known point on
a standstill place, so its movement is supposed to be neg-
ligible small during the operation. The receiver m {m =
1, 2, · · · ,M} are the objects whose movements are kept a
careful watch on.

Each receiver directly transmits the raw data from the
satellites to the server of surveillant station by cable, wire-
less phone, etc. Using these signal data, the server calcu-
lates the coordinates of objects’ movement with centimeter
order’s accuracy.

Therefore, in this paper we make good use of the car-
rier phase to acquire high-precision positioning measure-
ment[2,6,7].

The phase observable is the difference between the phase
of the carrier signal transmitted by satellite and the phase
of receiver oscillator. This difference in carrier phase can
be regarded as the Doppler frequency shift that arises due
to the relative motion between satellite and receiver. Then
the Doppler frequency is integrated over the interval of the
measurement period. Thus it is called the integrate carrier
phase measurement, which is denoted by ϕ pk (tr) for satel-
lite p and receiver k, where tr is the signal reception time
measured by the receiver k.

Figure 1 also shows a conceptual view of the double dif-
ference, where two receivers k and m are located at the
known point and the unknown point, respectively, so that
the baseline vector between them is unknown. For the re-
ceivers located close together such that the separation is
less than 20 km, ionospheric and tropospheric propagation
delays are negligible small. Then the double difference
phase observation becomes

Δ
pq
km(tr) � ϕ

p
k (tr) − ϕpm(tr) − {ϕqk(tr) − ϕqm(tr)}

=
f
c
{ρpk (t) − ρpm(t)} − f

c
{ρqk(t) − ρqm(t)}
+Npq

km + ε
pq
km(tr). (1)
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Figure 1: Scheme of a server type RTK-GPS

Here ρpk (t) is the distance between the satellite p and the
receiver k. t is the signal transmission time determined
from GPS time. Npq

km is

Npq
km � N

p
k − Np

m − (Nq
k − Nq

m) (2)

where Np
k is the unknown integer number associated with

the ambiguity of carrier cycles at the initial time between
the satellite p and the receiver k. f is the carrier fre-
quency (1575.42MHz when L1), c is the speed of light
(2.99792458 × 108m/s), and εpqkm is observation error.

The double difference data for the same set of n satellites
are available at both points.

We denote p=1, q = 2, 3, 4, · · · , n then the measurement
can be formed:

Δ( j) = [Δ12
km( j),Δ13

km( j), · · · ,Δ1n
km( j)]T (3)

where tr = jδt, and δt is the data update interval of the
receiver. In this positioning problem, we need to estimate
three coordinates (xm, ym, zm) for the unknown position and
n − 1 values (N12

km,N
13
km, · · · ,N1n

km) corresponding to the inte-
ger ambiguity in (2). Therefore the state vector η consists
of n + 2 components as follows:

η( j) = [xT ( j), nT ( j)]T (4)

where

x( j) � [xm( j), ym( j), zm( j)]T (5)

n( j) � [N12
km( j),N13

km, · · · ,N1n
km( j)]T . (6)

When all components are assumed to be constants, the state
equation can be written as

η( j + 1) = η( j) + w( j) (7)

where j is the discrete measurement time, and w( j) is noise
whose covariance is Cov(v( j)) = Q( j).

The observation equation can be represented as follows:

Δ( j) = h(η( j)) + v( j) (8)

where v( j) is measurement noise whose covariance is
Cov(v( j)) = R( j), and

h(η( j)) = [h1(η( j)), · · · , hq−1(η( j)), · · · , hn−1(η( j))]T (9)

hq−1(η j) =
f
c

[{
√

(xk − x1)2 + (yk − y1)2 + (zk − z1)2

−
√

(xm − x1)2 + (ym − y1)2 + (zm − z1)2}

−{
√

(xk − xq)2 + (yk − yq)2 + (zk − zq)2

−
√

(xm − xq)2 + (ym − yq)2 + (zm − zq)2}]
+N1q

km. (10)

The next section will explain one of standard approaches
of estimation for the above equations[6,7].

3. Estimation

3.1. Float Solution

The measurement equation is linearized by applying the
Taylor expansion around η̂( j | j − 1) to Eq.(8) as follows.

Δ( j) = h(η̂( j | j − 1)) +C( j){η( j) − η̂( j | j − 1)} + v( j) (11)

where η̂( j | j−1)) is prediction of η( j) underΔ(0) ∼ Δ( j−1)

η̂( j | j − 1)) = [x̂T ( j | j − 1), n̂T ( j | j − 1)]T (12)

C( j) = [H( j) In−1], H( j) �
[
∂h(η( j))
∂x( j)T

]
x( j)=x̂( j| j−1)

.

For Eqs.(7) and (8), we have the extended Kalman filter:

η̂( j | j) = η̂( j | j − 1) + K( j)[Δ( j) − h(η̂( j | j − 1))] (13)

η̂( j + 1 | j) = η̂( j | j), η̂(0 | −1) = η̂(0) (14)

K( j) = P( j)CT ( j)[C( j)P( j)CT ( j) + R( j)]−1 (15)

P( j + 1) = P( j) − K( j)C( j)P( j) + Q( j) (16)

where η̂( j | j) = [x̂T ( j | j), n̂T ( j | j)]T .

3.2. Fix Solution

We have obtained the estimates x̂(i | i) and n̂(i | i), in
which the components of n̂(i | i) are real numbers, not inte-
gers. In order to perform the integer estimation, we accept
the LAMBDA method at every epoch until they are fixed.
The LAMBDA stands for Least squares AMBiguity Decor-
relation Adjustment([3]).

After the integers n � n̂( j | j) is fixed, x( j) only is treated
as the unknown vector at Eq.(4). Considering n( j) = n
being the known vector, the extended Kalman filter with
respect to x( j), which is a modification of Eqs.(13)� (16),
is applied again to estimate the x̂( j | j).
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