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Bifurcation behaviour in parallel-connected boost converters

H. H. C. Iu, C. K. Tse∗, V. Pjevalica and Y. M. Lai
Department of Electronic and Information Engineering; Hong Kong Polytechnic University; Hung Hom;

Hong Kong

SUMMARY

This paper describes the bifurcation phenomena of a system of parallel-connected d.c.=d.c. boost convert-
ers. The results provide important information for the design of stable current sharing in a master–slave
con�guration. Computer simulations and experiments are performed to capture the e�ects of variation
of some chosen parameters on the qualitative behaviour of the system. In particular, it is found that
variation of some parameters leads to Neimark–Sacker bifurcation. Analysis is presented to establish
the possibility of the bifurcation phenomena. Copyright ? 2001 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Power electronics system, due to their inherent non-linear operation, exhibit a wide range
of non-linear behaviour. In recent years, some typical phenomena have been identi�ed in
some simple power electronics circuits, many of which have focused on particular d.c.=d.c.
converters of �rst and second order [1–9]. The complexity of analysis escalates rapidly as the
order of the system under study increases. As a result, power converters of higher order and
systems of interconnected converters are still rarely studied, despite their practical importance.
Recently, paralleling converters has become a popular technique in power-supply design for
improving power processing capability, reliability and exibility. However, being a non-linear
system, a parallel-connected system of converters can behave in many ways that are not
predictable by the conventional linear design and analysis method. Bifurcations, for instance,
are particularly relevant problems to engineers since they directly a�ect reliability and the
usable ranges of operation. In this paper, we study the bifurcation phenomena of a parallel
system of boost d.c.=d.c. converters. Our focus is on the e�ects of variation of a few chosen
design parameters, the objective being to provide useful information as to how bifurcations
can be systematically avoided.
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The main design issue in paralleling converters is the control of current sharing among
the constituent converters. It is theoretically impossible to put two voltage sources in parallel
unless a suitable control method is used to ensure proper current sharing. Over the past
decade, many e�ective control schemes have been proposed [10–13]. One common approach
is to use an active-control scheme to force the current in one converter to follow that of the
other. In particular, we will focus on master–slave approach which represents one of the most
commonly used forms of active current sharing [10,12]. Essentially, what this scheme does
is to monitor the di�erence of the currents in the two constituent converters and incorporate
this information in the main control loop.
A usual mode of presentation is to begin with theory and analysis, followed by simulations

and=or experiments. However, when studying non-linear dynamics of physical systems, very
often, simulations and experiments precede analysis. In this paper, we deliberately present our
results to reect this practical mode of investigation. That is, we will begin with a series of
computer simulation and experimental studies which identify important bifurcation phenomena.
This will be followed by detailed analysis which established formally the possibility of the
bifurcation scenarios.

2. MASTER–SLAVE CONTROLLED PARALLEL-CONNECTED
DC/DC CONVERTERS

The system under study consists of two d.c.=d.c. converters which are connected in parallel
feeding a common load. The current drawn by the load is shared properly between the two
boost converters by the action of a master–slave control scheme, as mentioned briey in the
preceding section. Figure 1 shows the block diagram of this master–slave con�guration.
Denoting the two converters as Converter 1 and 2 as shown in Figure 1, the operation of the

system can be described as follows. Both converters are controlled via a simple pulse-width
modulation (PWM) scheme, in which a control voltage vcon is compared with a sawtooth
signal to generate a pulse-width modulated signal that drives the switch, as shown in Figure
2. The sawtooth signal of the PWM generator is given by

vramp =VL + (VU − VL) tmod TT
(1)

where VL and VU are the lower and upper voltage limits of the ramp, and T is the switching
period. The PWM output is ‘high’ when the control voltage is greater than Vramp, and is ‘low’
otherwise.
For Converter 1, the control voltage is derived from a voltage feedback loop, i.e.

vcon1 =Vo�set − Kv1(v− Vref ) (2)

where Vo�set is a d.c. o�set voltage that gives the steady-state duty cycle, Vref is the reference
voltage, and Kv1 is the voltage feedback gain for Converter 1.
For Converter 2, an additional current error signal, which is proportional to the weighted

di�erence of the output currents of the two converters, determines the control voltage. Specif-
ically, we write the control voltage for Converter 2 as

vcon2 =Vo�set − Kv2(v− Vref )− Ki(i2 −mi1); (3)

Copyright ? 2001 John Wiley & Sons, Ltd. Int. J. Circ. Theor. Appl. 2001; 29:281–298



BIFURCATION BEHAVIOUR 283

Figure 1. Block diagram of parallel-connected d.c.=d.c. converters under a master–slave control.

Figure 2. Pulse-width modulation (PWM) showing relationship between the control voltage
and the PWM output.

where Kv2 is the voltage feedback gain of Converter 2, Ki is the current feedback gain, and
m is a current weighting factor. Under this scheme, the output current of Converter 2 will
follow that of Converter 1 at a ratio of m to 1, where m ¿ 0. When m=1, we expect equal
current sharing. In much of the literature, Converter 1 is referred to as the ‘master’ which
operates independently, and Converter 2 the ‘slave’ which imitates the master’s current value.

3. STATE EQUATIONS FOR TWO PARALLEL BOOST CONVERTERS

The foregoing section de�nes the essential control scheme that provides current sharing and
output voltage regulation. In this section, we focus on a speci�c converter type and derive
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Figure 3. Two parallel-connected boost converters.

the state equations that will be needed for subsequent simulation study as well as analysis of
the non-linear phenomena of parallel-connected converters. Speci�cally, we will focus on the
boost converter which is a second-order circuit comprising an inductor, a switch, a diode and
a load resistance connected in parallel with a capacitor. Figure 3 shows two boost converters
connected in parallel. The presence of four switches (S1; S2; D1 and D2) allows a total of 16
possible switch states, and in each switch state the circuit is a linear third-order circuit.
When the converters are operating in continuous conduction mode (CCM), diode Di is

always in complementary state to switch Si, for i=1; 2. That is, when Si is on, Di is o�, and
vice versa. Hence, only four switch states are possible during a switching cycle, namely (i)
S1 and S2 are on; (ii) S1 is on and S2 is o�; (iii) S1 is o� and S2 is on; (iv) S1 and S2 are
o�. The state equations corresponding to these switch states are given by

ẋ =




A1x + B1E for S1 and S2 on
A2x + B2E for S1 on and S2 o�
A3x + B3E for S1 o� and S2 on
A4x + B4E for S1 and S2 o�

(4)

where E is the input voltage, x is the state vector de�ned as

x=[v i1 i2]T (5)

and the As and Bs are given by

A1 =



− 1
C(R+ rC)

0 0

0 −rL1
L1

0

0 0 −rL2
L2


 (6)
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A2 =




− 1
C(R+ rC)

0
R

C(R+ rC)

0 −rL1
L1

0

− R
L2(R+ rC)

0 − 1
L2

(
rCR
R+ rC

+ rL2

)




(7)

A3 =




− 1
C(R+ rC)

R
C(R+ rC)

0

− R
L1(R+ rC)

− 1
L1

(
rCR
R+ rC

+ rL1

)
0

0 0 −rL2
L2




(8)

A4 =




− 1
C(R+ rC)

R
C(R+ rC)

R
C(R+ rC)

− R
L1(R+ rC)

− 1
L1

(
rCR
R+ rC

+ rL1

)
0

− R
L2(R+ rC)

0 − 1
L2

(
rCR
R+ rC

+ rL2

)




(9)

B1 =B2 =B3 =B4 =




0

1
L1
1
L2


 (10)

It is worth noting that the sequence of switch states, in general, takes the order as written in
Equation (4), i.e. starting with ‘S1 and S2 on’ and ending with ‘S1 and S2 off’ in a switching
cycle. However, either ‘S1 on S2 o�’ or ‘S1 o� S2 on’ (not both) goes in the middle, depending
upon the duty cycles of S1 and S2. In the case where S1 has a larger duty cycle, we should
omit the third equation in Equation (4), and likewise for the case where S2 has a larger duty
cycle. This should be taken care of in the simulation and analysis.

4. SELECTED BIFURCATION PHENOMENA BY COMPUTER SIMULATIONS

We now begin our investigation with computer simulations. Since we are primarily concerned
with system stability in conjunction with the feedback design, we will focus our attention
on the e�ects of varying the various gains on the bifurcation behaviour of the system. In
particular, the gains Kv1, Kv2, Ki and m present themselves as design parameters that can be
changed at will. We will henceforth focus on variation of these parameters.
Our simulation is based on the exact state equations derived in Section 3. Essentially, for

each set of parameter values, time-domain cycle-by-cycle waveforms are generated by solv-
ing the appropriate linear equation in any sub-interval of time, according to the states of
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Table I. Component values and steady-state voltages used in
simulation (ESR stands for Equivalent Series Resistance)

Circuit components Values

Switching period T 40 �s
Input voltage E 12 V
Output voltage v 24 V
Inductance L1, ESR rL1 0.004H, 0:05

Inductance L2, ESR rL2 0.004H, 0:2

Capacitance C, ESR rC 10 �F; 0:01

Load resistance R 10


the switches which are determined from values of the control voltages vcon1 and vcon2. Sam-
pled data are then collected at t= nT in the steady state. With su�cient number of sets of
steady-state data, we can construct the bifurcation diagrams as required. Our computer pro-
gram automatically organizes bifurcation diagrams from time-domain waveforms. The circuit
parameters used in our simulations are shown in Table I.
A large number of trajectories and bifurcation diagrams have been obtained. In the follow-

ing, only representative bifurcation �gures and diagrams are shown, which serve to exemplify
the main �ndings concerning the bifurcation behaviour of a system of parallel boost converters
under a master–slave sharing scheme.

4.1. Voltage feedback gains as bifurcation parameters

We �rst keep Kv1 constant and vary Kv2. A bifurcation diagram is shown in Figure 4(a). The
sequence of simulated trajectories, as shown in Figures 4(b), (c) and (e), reveals a typical
Neimark–Sacker bifurcation in which a stable equilibrium state breaks down to quasi-periodic
orbits and limit cycles.† The corresponding stroboscopic maps showing a quasi-periodic orbit
and a limit cycle are shown in Figures 4(d) and (f). Next, we keep Kv2 constant and vary Kv1.
Similar bifurcation diagram and trajectories are obtained. For brevity, they are not repeated
here. We will present detailed analysis in Section 6.

4.2. Current gain as bifurcation parameter

In studying the bifurcation behaviour in respect of current gain variation, we keep m; Kv1 and
Kv2 constant, and vary Ki. It is found that the system remains in stable period-1 operation
irrespective of the choice of Ki. Basically, Ki only determines how close the slave follows
the master. The larger Ki is, the closer the slave’s output current is to the master’s.

4.3. Current sharing ratio as bifurcation parameter

Our �nal computer investigation is performed for variation of the current sharing ratio m. This
time, we �x Kv1; Kv2 and Ki at suitable values such that the system is in stable operation.

†A Neimark–Sacker bifurcation occurs when a system loses its local stability in a way corresponding to movement
of a pair of complex eigenvalues of the Jacobian of its linearized discrete-time map across the boundary of
the unit circle. The usual manifestation of such bifurcation is a sequence of changes in qualitative behaviour
through break-down of stable period-1 orbits into quasi-periodic orbits and limit cycles.
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Figure 4. (a) Bifurcation diagram with Kv2 as bifurcation parameter (Kv1 = 0:11; Ki=1 and
m=1); (b) stable period-1 orbit (Kv1 = 0:11; Kv2 = 0:11, Ki=1 and m=1); (c) quasi-periodic orbit
(Kv1 = 0:11; Kv2 = 0:13; Ki=1 and m=1); (d) stroboscopic map of (c); (e) limit cycle (Kv1 = 0:11,

Kv2 = 0:15, Ki=1 and m=1); (f) stroboscopic map of (e).

We vary m and �nd that the bifurcation is similar to that of varying Kv1 or Kv2. A bifurcation
diagram is shown in Figure 5(a). Trajectories are shown in Figures 5(b), (c) and (e) and the
corresponding stroboscopic maps in Figures 5(d) and (f).

5. EXPERIMENTAL VERIFICATION

Using the parameter values listed in Table I, we build a circuit to verify our simulation results.
As we increase Kv2 or m, we get results which are in good agreement with our simulations. In
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Figure 5. (a) Bifurcation diagram with m as bifurcation parameter (Kv1 = 0:1; Kv2 = 0:1 and
Ki=1); (b) stable period-1 orbit (Kv1 = 0:1; Kv2 = 0:1; Ki=1 and m=1:60); (c) quasi-periodic or-
bit (Kv1 = 0:1; Kv2 = 0:1; Ki=1 and m=1:70); (d) stroboscopic map of (c); (e) limit cycle (Kv1 = 0:1;

Kv2 = 0:1; Ki=1 and m=1:775); (f) stroboscopic map of (e).

our experiments, Neimark–Sacker bifurcation takes place at approximately the same location
(in terms of the value of the d.c. gain) as it does in our simulations. Trajectories of stable
period-1 orbit, quasi-periodic orbit and limit cycle are captured, along with stroboscopic maps
showing quasi-periodic orbits and limit cycles. In all the oscilloscope pictures, y-axis corre-
sponds to i1 and x-axis corresponds to v. Figures 6(a)–(e) show the sequence of changes when
we increase Kv2. Figure 6(a) shows a stable period-1 orbit. Figure 6(b) shows a quasi-periodic
orbit and Figure 6(c) gives its the stroboscopic map. Figure 6(d) shows a limit cycle and
Figure 6(e) gives its the stroboscopic map. Similarly, Figures 7(a)–(e) show the sequence of
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Figure 6. Sequence of changes observed experimentally when Kv2 is increased. (a) Sta-
ble period-1 orbit; (b) quasi-periodic orbit; (c) stroboscopic map of (b); (d) limit cycle;
(e) stroboscopic map of (d). (Horizontal scale: 5 V=div, vertical scale: 0:04 A=div for

(a); Horizontal scale: 10 V=div, vertical scale: 0:4 A=div for (b)–(e).

changes when we increase m. Figure 7(a) shows the stable period-1 orbit. Figure 7(b) shows
the quasi-periodic orbit and Figure 7(c) gives its the stroboscopic map. Figure 7(d) shows
the limit cycle and Figure 7(e) gives its the stroboscopic map.
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Figure 7. Sequence of changes observed experimentally when m is increased. (a) Sta-
ble period-1 orbit; (b) quasi-periodic orbit; (c) stroboscopic map of (b); (d) limit cycle;
(e) stroboscopic map of (d). (Horizontal scale: 5 V=div, vertical scale: 0:04 A=div for

(a); horizontal scale: 10 V=div, vertical scale: 0:4 A=div for (b)–(e).)
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6. ANALYSIS OF NEIMARK–SACKER BIFURCATION

From the foregoing simulation and experimental studies, we have identi�ed Neimark–Sacker
bifurcation in a system of parallel boost converters when the voltage feedback gains are
varied. We have also observed similar behaviour when the current sharing ratio is increased.
In this and the following sections, we analyse this kind of bifurcation in terms of a suitable
discrete-time model [9]. We will �rst derive the model, then examine the Jacobian and the
way the system loses stability.

6.1. Derivation of the describing discrete-time map

Our purpose in this subsection is to derive a discrete-time map that describes the dynamics
of a system of two boost converters connected in parallel, as de�ned earlier in Section 3 (see
Figure 3). We let x be the state variables as de�ned previously, and further let d1 and d2 be
the duty cycle of Converter 1 (master) and Converter 2 (slave), respectively. The discrete-time
map that we aim to �nd takes the following form:

xn+1 =f(xn; d1; n; d2; n) (11)

where subscript n denotes the value at the beginning of the nth cycle, i.e. xn= x(nT ). For the
closed-loop system, we need also to �nd the feedback equations that relate d1; n and d2; n to xn.
The state equations are given in Equation (4) for di�erent switch states. The order in which

the system toggles between the switch states depends on d1 and d2. Thus, we need to assume
that d2¿d1 in the neighbourhood of the T -periodic state, or otherwise, in order to derive the
discrete-time model. In particular, the assumption d2¿d1 is consistent with our simulation
study since rL1 has a lower value than rL2. Note that such an assumption loses no generality.
Recall that if d2¿d1, the state ‘S1 on and S2 o�’ should be omitted. Hence, we have three

switch states:

1. For nT¡t6nT + d1; nT , both S1 and S2 are turned on.
2. For nT + d1; nT¡t6nT + d2; nT; S1 is turned o� and S2 remains on.
3. For nT + d2; nT¡t6(n+ 1)T , both S1 and S2 are o�.

In each switch state, the describing state equation is ẋ=Ajx + BjE, where j=1; 3; 4. (Note
that j=2 does not appear here.) For each state equation, we can derive the solution, and by
stacking up the solutions, xn+1 can be expressed in terms of xn, d1; n and d2; n, i.e.

xn+1 =�4((1− d2; n)T )�3((d2; n − d1; n)T )�1(d1; nT )xn
+�4((1− d2; n)T )�3((d2; n − d1; n)T )(�1(d1; nT )− 1)A−1

1 B1E

+�4((1− d2; n)T )(�3((d2; n − d1; n)T )− 1)A−1
3 B3E

+(�4((1− d2; n)T )− 1)A−1
4 B4E (12)

where 1 is the unit matrix, and �j(�) is the transition matrix corresponding to Aj and is given
by

�j(�)= eAj�= 1+
∞∑
k=1

1
k!
Akj �

k for j=1; 2; 3; 4 (13)
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For parallel-connected boost converters, we let B=B1 =B2 =B3 =B4. Hence, Equation (12)
can be rewritten as

xn+1 =�4((1− d2; n)T )�3((d2; n − d1; n)T )�1(d1; nT )xn
+�4((1− d2; n)T )�3((d2; n − d1; n)T )(�1(d1; nT )− 1)A−1

1 BE

+�4((1− d2; n)T )(�3((d2; n − d1; n)T )− 1)A−1
3 BE

+(�4((1− d2; n)T )− 1)A−1
4 BE (14)

Our next step is to �nd the feedback relations that connect the duty cycles and the state
variables. The control voltages vcon1 and vcon2, as given before by Equations (2) and (3), can
be rewritten as

vcon1 =U1 + �T1 x (15)

vcon2 =U2 + �T2 x (16)

where U1 and U2 are constants, and the gain vectors �1 and �2 are

�T1 = [−Kv1 0 0] and �T2 = [−Kv2 Kim − Ki] (17)

The ramp function can also be rewritten simply as

vramp = �+ �(tmod T ) (18)

where � and � are constants. To �nd the de�ning equations for the duty cycles, we �rst note
that the switches are turned o� when vcon1 = vramp and vcon2 = vramp. Now, de�ne s1(xn; d1; n)
and s2(xn; d1; n; d2; n) as

s1(xn; d1; n)
def= vcon1 − vramp
= U1 + �T1 x(d1; nT )− (�+ �d1; nT )
= U1 + �T1 [�1(d1; nT )xn + (�1(d1; nT )− 1)A−1

1 BE]− (�+ �d1; nT ) (19)

s2(xn; d1; n; d2; n)
def= vcon2 − vramp
= U2 + �T2 x(d2; nT )− (�+ �d2; nT )
= U2 + �T2 [�3((d2; n − d1; n)T )�1(d1; nT )xn
+�3((d2; n − d1; n)T )(�1(d1; nT )− 1)A−1

1 BE

+(�3((d2; n − d1; n)T )− 1)A−1
3 BE]− (�+ �d2; nT ) (20)

Thus, S1 and S2 are turned o�, respectively, when

s1(xn; d1; n)=0 (21)
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and

s2(xn; d1; n; d2; n)=0 (22)

Solving Equations (21) and (22), d1; n and d2; n can be obtained. Combining with Equation
(14), we have the discrete-time iterative map for the closed-loop system.

6.2. Derivation of the Jacobian

The Jacobian plays an important role in the study of dynamical systems [14]. The essence of
using a Jacobian in the analysis of dynamical systems lies in the capture of the dynamics in
the small neighbourhood of an equilibrium point or orbit (stable or unstable). We will make
use of this conventional method to examine the bifurcation phenomena in Section 6.3. But
before we move on, we need to �nd the necessary expressions that enable the Jacobian to be
computed.
Suppose the equilibrium point is given by x(nT )=XQ. The Jacobian of the discrete-time

map evaluated at the equilibrium point can be written as follows:

J (XQ) =
@f
@xn

− @f
@d1; n

(
@s1
@d1; n

)−1(@s1
@xn

)

− @f
@d2; n

(
@s2
@d2; n

)−1 [(@s2
@xn

)
+
@s2
@d1; n

(
@s1
@d1; n

)−1(@s1
@xn

)]∣∣∣∣∣
xn = XQ

(23)

where

@f
@xn

=




@f1
@vn

@f1
@i1;n

@f1
@i2;n

@f2
@vn

@f2
@i1;n

@f2
@i2;n

@f3
@vn

@f3
@i1;n

@f3
@i2;n




(24)

@f
@d1;n

=
[
@f1
@d1;n

@f2
@d1;n

@f3
@d1;n

]T
(25)

@s1
@xn

=
[
@s1
@vn

@s1
@i1;n

@s1
@i2;n

]
(26)

@f
@d2;n

=
[
@f1
@d2;n

@f2
@d2;n

@f3
@d2;n

]T
(27)

and

@s2
@xn

=
[
@s2
@vn

@s2
@i1;n

@s2
@i2;n

]
(28)
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Using Equation (19), (20) and (14), we can �nd all the derivatives in Equation (23). First,
@f=@xn can be found from Equation (14), i.e.

@f
@xn

= �4((1− d2;n)T )�3((d2;n − d1;n)T )�1(d1;nT ) (29)

Also, direct di�erentiation gives @f=@d1;n as

@f
@d1;n

=
(
�4((1− d2;n)T )�3((d2;n − d1;n)T )@�1(d1;nT )@d1;n

)
xn

+
(
�4((1− d2;n)T )@�3((d2;n − d1;n)T )@d1;n

�1(d1;nT )
)
xn

+�4((1− d2;n)T )�3((d2;n − d1;n)T )@(�1(d1;nT )− 1)A
−1
1 B

@d1;n
E

+�4((1− d2;n)T )@�3((d2;n − d1;n)T )@d1;n
(�1(d1;nT )− 1)A−1

1 BE

+�4((1− d2;n)T )@(�3((d2;n − d1;n)T )− 1)A
−1
3 B

@d1;n
E

= T�4((1− d2;n)T )�3((d2;n − d1;n)T )(A1 − A3)�1(d1;nT )xn
+T�4((1− d2;n)T )�3((d2;n − d1;n)T )[�1(d1;nT )− A3(�1(d1;nT )− 1)A−1

1 − 1]BE
(30)

Likewise, we get @f=@d2;n as

@f
@d2;n

=
(
@�4((1− d2;n)T )

@d2;n
�3((d2;n − d1;n)T )�1(d1;nT )

)
xn

+
(
�4((1− d2;n)T )@�3((d2;n − d1;n)T )@d2;n

�1(d1;nT )
)
xn

+
@�4((1− d2;n)T )

@d2;n
�3((d2;n − d1;n)T )(�1(d1;nT )− 1)A−1

1 BE

+�4((1− d2;n)T )@�3((d2;n − d1;n)T )@d2;n
(�1(d1;nT )− 1)A−1

1 BE

+
@�4((1− d2;n)T )

@d2;n
(�3((d2;n − d1;n)T )− 1)A−1

3 BE

+�4((1− d2;n)T )@(�3((d2;n − d1;n)T )− 1)A
−1
3 B

@d2;n
E

+
@(�4((1− d2;n)T )− 1)A−1

4 B
@d2;n

E
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= T�4((1− d2;n)T )(A3 − A4)�3((d2;n − d1;n)T )�1(d1;nT )xn
+T�4((1− d2;n)T )(A3 − A4)�3((d2;n − d1;n)T )(�1(d1;nT )− 1)A−1

1 BE

+T�4((1−d2;n)T )[�3((d2;n−d1;n)T )−A4(�3((d2;n−d1;n)T )−1)A−1
3 −1)]BE

(31)

From Equation (19), we obtain @s1=@xn readily as

@s1
@xn

= �T1�1(d1;nT ) (32)

Again by direct di�erentiation, we get

@s1
@d1;n

= �T1
@�1(d1;nT )
@d1;n

xn + �T1
@(�1(d1;nT )− 1)A−1

1 B
@d1;n

E − �T

= �T1 (A1T�1(d1;nT ))xn + �
T
1 (�1(d1;nT )BT )E − �T

= T�T1�1(d1;nT )(A1xn + BE)− �T (33)

And from Equation (20), we get

@s2
@xn

= �T2�3((d2;n − d1;n)T )�1(d1;nT ) (34)

Finally, we need to �nd @s2=@d2;n and @s2=@d1;n. From Equation (20) we have

@s2
@d2;n

= �T2
@�3((d2;n − d1;n)T )

@d2;n
�1(d1;nT )xn

+�T2
@�3((d2;n − d1;n)T )

@d2;n
(�1(d1;nT )− 1)A−1

1 BE

+�T2
@(�3((d2;n − d1;n)T )− 1)−13 B

@d2;n
E − �T

= T�T2�3((d2;n − d1;n)T )[A3�1(d1;nT )xn
+A3(�1(d1;nT )− 1)A−1

1 BE + BE]− �T (35)

and

@s2
@d1;n

= �T2
@�3((d2;n − d1;n)T )

@d1;n
�1(d1;nT )xn

+�T2�3((d2;n − d1;n)T )
@�1(d1;nT )
@d1;n

xn
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Table II. Characteristic multipliers for di�erent values of Kv2

Kv2 Char. mult. Remarks

0.02 0.901±j0.131, 0.999 Stable 1T
0.04 0.916±j0.146, 0.999 Stable 1T
0.06 0.932±j0.159, 0.999 Stable 1T
0.08 0.949±j0.170, 0.999 Stable 1T
0.10 0.967±j0.179, 0.999 Stable 1T
0.125 0.992±j0.188, 0.999 Neimark–Sacker bifurcation

+�T2
@�3((d2;n − d1;n)T )

@d1;n
(�1(d1;nT )− 1)A−1

1 BE

+�T2�3((d2;n − d1;n)T )
@(�1(d1;nT )− 1)A−1

1 B
@d1;n

E

+�T2
@(�3((d2;n − d1;n)T )− 1)A−1

3 B
@d1;n

E

= T�T2�3((d2;n − d1;n)T )[(A1 − A3)�1(d1;nT )xn
+�1(d1;nT )BE − A3(�1(d1;nT )− 1)A−1

1 BE − BE] (36)

Now, putting all the derivatives into Equation (23) gives an expression of J (XQ) that can
be computed numerically. Numerical algorithms can now be developed for computing J (XQ)
and hence the characteristic multipliers, as will be shown in the next subsection.

6.3. Characteristic multipliers and Neimark–Sacker bifurcation

The Jacobian derived in the foregoing subsection provides a means to evaluate the dynamics
of the system. We will, in particular, study the loci of the characteristic multipliers, the aim
being to �nd out possible bifurcation scenarios as the voltage feedback gains are varied. To
�nd the characteristic multipliers, we solve the following polynomial equation in �, whose
roots actually give the characteristic multipliers:

det[�1− J (XQ)] = 0 (37)

where J (XQ) is the Jacobian found previously. We will pay attention to the movement of the
characteristic multipliers as Kv2 and m are varied. Any crossing from the interior of the unit
circle to the exterior indicates a bifurcation. In particular, if a pair of complex characteristic
multipliers move out of the unit circle, a Neimark–Sacker bifurcation occurs [15,16].
Using Equations (23) and (37), we can generate loci of characteristic multipliers numer-

ically. Since we are interested here in varying Kv2, we keep m = 1, thereby ensuring that
the system will not undergo any bifurcation due possibly to large m, as we have seen previ-
ously in the simulation. Then, we keep Kv1 and Kv2 relatively small and vary m. To maintain
conciseness, we exemplify here the typical loci in Tables II and III, which are graphically
illustrated in Figures 8 and 9. Both loci indicate a Neimark–Sacker bifurcation as Kv2 and m
vary. This agrees with our simulation results in Section 4.
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Table III. Characteristic multipliers for di�erent values of m

m Char. mult. Remarks

0.7 0.952±j0.238, 0.999 Stable 1T
0.9 0.960±j0.226, 0.999 Stable 1T
1.1 0.968±j0.215, 0.999 Stable 1T
1.3 0.974±j0.204, 0.999 Stable 1T
1.5 0.980±j0.192, 0.998 Stable 1T
1.7 0.985±j0.180, 0.998 Neimark–Sacker bifurcation

Figure 8. Locus of characteristic multipliers as Kv2 varies. Arrows indicate increasing Kv2.

Figure 9. Locus of characteristic multipliers as m varies. Arrows indicate increasing m.
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7. CONCLUSION

Despite the popularity of parallel converter systems in power electronics applications, their
bifurcation phenomena are rarely studied. This paper reports, for the �rst time, some selected
bifurcation phenomena in a parallel system of two boost converters which share current under
a master–slave control scheme. The study of stability is a complex issue in this type of system
[11,12]. This paper focuses on the e�ects of variation of some voltage feedback gains and
current sharing ratio. It has been found that Neimark–Sacker bifurcations are possible when
voltage feedback gains or current-sharing ratio are varied. These results are useful for practical
design of parallel converter systems to ensure stable period-1 operation in the expected stable
region.
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