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Abstract—This paper studies a system of parallel-connected
dc/dc buck converters under current-mode control. The effects
of variations of the reference current are studied. It has been
observed that the system exhibits low-frequency bifurcation
behaviour while period-doubling at switching frequency is sup-
pressed. Extensive simulations are used to capture the behaviour.
Time-domain waveforms, stroboscopic maps and trajectories are
shown. The paper reveals the drastic alteration of bifurcation
behaviour of dc/dc converters due to subtle coupling.

I. INTRODUCTION

Nonlinear phenomena in current-mode controlled dc/dc
basic power electronic regulators (e.g. buck converter, boost
converter and buck-boost converter) have been thoroughly
studied in the past decade [1], [2]. It is well known that
a single current-mode controlled converter normally exhibits
high-frequency nonlinear phenomena such as period-doubling
bifurcation. However, when two or more converters work in
parallel under current-mode control, it is possible that the
system exhibits a different kind of behaviour.

During the past two decades, power electronics engineers
have actively studied the use of parallel converters in high-
power applications [3]. The main advantage is that sharing the
input current among paralleled converters helps alleviate some
of the design constraints of the switching cells. The increase
in the degree of freedom implies that the parallel connection
can be used to improve some important aspects such as power
processing capability, reliability and fault tolerance. As parallel
converter systems become popular, there is strong motivation
and interest to study their nonlinear phenomena. Recently,
instability and nonlinear phenomena have been studied in
parallel converter systems [4].

In this paper, we attempt to study a system of parallel-
connected buck converters under current-mode control. The
paper is organized as follows. In Section II, we present the
control method of the parallel buck converter system and give
the exact state equations that describe the system’s dynamics.
In Section IV we show the simulated phase portraits, time-
domain waveforms and bifurcation diagrams. In Section V we
present the analysis by using a discrete-time map. Finally, we
give the conclusion in Section VI.

+

-
E

D1

D2

S1

S2

C
R

r
C

r
L1

rL2

L1

L2

+

-
v

i
2

i1

Converter 1

Converter 2

Built-in interleaving
switching rule

to S1 to S2

Fig. 1. Two parallel-connected buck converters.
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Fig. 2. Steady-state inductor current waveforms showing the switching
sequence in each switching period with interleaving.

II. CURRENT-MODE CONTROL OPERATION

Figure 1 shows the parallel system. It consists of two
dc/dc converters which are connected in parallel feeding a
common load. In this system, an appropriate current sharing
scheme is needed to ensure that the current drawn by the
load is shared properly between the two converters. In this
paper, assuming that the parameters of the two converters are
identical, and the current drawn by the load (output current)
is shared equally. Also, a peak current- mode control scheme
is employed. Denoting the two converters as Converter 1 and
Converter 2 as shown in Fig. 1, the operation of the system
can be described as follows. The converters are operating in
continuous conduction mode. Both converters are controlled
via a simple current-mode control scheme, in which the
inductor current of Converter 1, ��, and that of Converter 2, ��,
are compared with a reference current � ��� (which defines the
peak inductor current) to generate the control signals that drive
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Fig. 3. Bifurcation diagrams from parallel buck converters under current-mode control with ���� as parameter. (a) Sampled �; (b) sampled �� (sampling
period being 2� ); (c) sampled �� � �� .

switches �� and ��. Under our peak current-mode control
scheme, after �� (��) is turned on, �� (��) ramps up until
it reaches ���� , then �� (��) is turned off and �� (��) ramps
down. �� (��) remains off until it is turned on by the periodic
clock signal. At the beginning of each switching period � (i.e.,
� � �� ), only one switch is turned on. In our case, �� and
�� are turned on alternately by the periodic clock signal, i.e.,
each switch is actually turned on every 2� .

III. EXACT STATE EQUATIONS
Figure 1 shows the schematic of two buck converters

connected in parallel. The presence of four switches (��, ��,
�� and ��) allows a total of sixteen possible switch states,
and in each switch state the circuit is a linear third-order
circuit. The diodes (�� and ��) are assumed to be ideal, with
threshold equal to zero.

The system can be regarded as a variable structure that
toggles its topology according to the states of the switches.
When the converters are operating in continuous conduction
mode, diode �� is always in complementary state to switch
��, for � � �� �. That is, when �� is on, �� is off, and vice
versa. Hence, only four switch states are possible during a
switching cycle, namely (i) �� and �� are on; (ii) �� is on
and �� is off; (iii) �� is off and �� is on; (iv) �� and �� are
off. The state equations corresponding to these switch states
are generally given by

�� � ������� for �� and �� on
�� � ������� for �� on and �� off
�� � ������� for �� off and �� on
�� � ������� for �� and �� off�

(1)

where � is the input voltage, 	 is the state vector defined as

	 � �
 �� ���
�
� (2)

and the �’s and �’s are the system matrices.
Under normal operating condition, the system settles itself

in an interleaving operation with �� and �� repeating them-
selves with a period of 2� . It should be noted that the output
current (which is the sum of �� and ��) and the output voltage

 are still in periodic operation with period � . The duty cycle
 is defined as the ratio of the turn-on time (of Converter 1 or
2) to the period of 2� . There are two possible scenarios, i.e.,
 � 0.5 and  � 0.5. We focus on the one which corresponds
to � � 0.5. Its sequence of switch states in each 2� period
takes the order as shown in Fig. 2, i.e., starting with “�� on

�� off”, passing through “�� and �� off” in the first switching
period, then passing through “�� off �� on” and ending with
“�� and �� off” in the second switching period. Figure 2
shows the steady- state inductor currents and the reference
current waveforms.

IV. COMPUTER SIMULATION STUDY
In this section, we perform computer simulations based

on the exact state equations derived in Section III. We will
investigate the effects of the alternating switching rule on the
operation of the system. Moreover, we will study the effects
of varying the reference current � ��� on the stability of the
system.

Essentially, for each set of parameter values, time-domain
cycle-by-cycle waveforms are generated by solving the appro-
priate linear equation in any sub-interval of time, according
to the states of the switches which are determined from the
current-mode control scheme. For a wide range of values
of a chosen bifurcation parameter, sampled data (i.e., � �,
�� and 
) are collected at � � �� in the steady state.
With sufficient number of sets of steady-state data, we can
generate the bifurcation diagrams as required. Our computer
program automatically organizes bifurcation diagrams from
time-domain waveforms. The circuit parameters used in our
simulations: switching period �= 40 �s, input voltage �=
40 V, inductance ��= 3.0 mH, ���= 0.05 �, inductance ��=
3.0 mH, ���= 0.05 �, capacitance �= 4.7 �F , ��= 0.01 �
and load resistance �= 10 �. Extensive simulations have been
performed and a large number of simulation figures have been
obtained. The following bifurcation diagrams, trajectories in
the phase-plane (
, ��� ��) and the corresonding stroboscopic
maps and time-domain waveforms of 
, �� and �� illustrate
the main results concerning the steady-state behaviour of the
systems.

We start with a relatively low value of ���� and vary it.
For simplicity, we assume it can be adjusted at will. In
reality, it is controlled by the feedback of output voltage. The
corresponding bifurcation diagrams for 
, � � and the output
current are shown in Figs. 3(a)–(c) respectively. When � ���
goes beyond a critical value, instability occurs. When � ���
is relatively small ( � 0.5), the system operates in stable
periodic condition with interleaving. Both the output voltage
and the output current are in stable operation with period
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Fig. 4. (a) Trajectory on (�, �� � ��) plane (stable, ����=1.00 A); (b) time-domain waveform for �; (c) time-domain waveforms for the inductor currents.
The upper waveform is the output current. The lower waveforms are �� (solid line) and �� (dash line).
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Fig. 5. (a) Trajectory on (�, �� � ��) plane (quasi-periodic orbit, ����=1.20 A); (b) stroboscopic map for � vs �� � ��; (c) time-domain waveform for �; (d)
time-domain waveforms for the inductor currents. The upper waveform is the output current. The lower waveforms are �� (solid line) and �� (dash line).

� . Figure 4 (a) shows the trajectory, and Figs. 4(b) and (c)
show the time-domain waveforms of the output voltage and
the inductor currents.

When ���� is larger than the critical value (when the
duty cycle is slightly larger then 0.5), the system becomes
unstable, a “low-frequency” bifurcation occurs [4]. Both the
output voltage and the output current settle in a quasi-periodic
orbit or a higher periodic orbit (which is a multiple of � ).
Figures 5(a) and (b) illustrate the trajectory and stroboscopic
map of the output voltage and the inductor currents for the
quasi-periodic orbit. Figures 5(c) and (d) show their time-
domain waveforms. Figures 6(a)–(d) show the corresponding
trajectory, stroboscopic map and time-domain waveforms for
the higher periodic orbit.

V. ANALYSIS

A. Derivation of the Discrete-Time Map
We attempt to derive a discrete-time map that describes the

dynamics of a system of two buck converters connected in
parallel, as defined earlier in Section III (see Fig. 1), in the
neighborhood of the 2� -periodic steady state (� � and �� repeat
themselves at a period of 2� in the steady state). We let 	 be
the state variables as defined previously, and further let  be
the duty cycle of Converter 1 and of Converter 2. The duty
cycle is defined as the ratio of the turn-on time (of Converter
1 or 2) to the period of 2� . Note that in the equilibrium state,
Converter 1 and 2 share the same value of . The discrete-time
map takes the following form:

	��� � ��	�� �� (3)

where subscript � denotes the value at the beginning of the �th
cycle, i.e., 	� � 	��� �. For the closed-loop system, we need

also to find the feedback equation that relates � to 	�. The
state equations are given in Section III for different switch
states. The order in which the system toggles between the
switch states depends on �. We will study the 2� -periodic
orbit with � � 0.5 (in the neighbourhood of the 2� -periodic
orbit) for all � as this allows a convenient derivation of the
discrete-time model.

In the steady state (� � 0.5), we have four switch states in
2� : 1) For �� � � � �� ����� �, �� is turned on and �� is
turned off. 2) For �� � ���� � � � � �� � � , both �� and
�� are turned off. 3) For �� �� � � � �� �� ����� �, ��
is turned off and �� is turned on. 4) For �� �� � ���� � �
� � �� � �� , both �� and �� are turned off.

In each switch state, the state equation is 		 � ��	����,
where � � �� 
� �. (Note that � � � does not appear here.) For
each state equation we can find the solution, and by stacking
up the solutions, 	��� can be expressed in terms of 	�, �.
Assuming that the parameters of the two buck converters are
identical, we notice that the steady-state value of 	 after 1� is
same as that after 2� with �� and �� interchanged. Therefore,
we only need to consider the map of 	� for 1� and then make
use of a transformation matrix � to obtain 	���, i.e.,

���� � �����

� �������� � ����	 �������	 ���

���������� ����	 ��������	 �� ������ ���

����������� ����	 �� ������ ���� (4)

where � is the unit matrix, and ����� is the transition
matrix corresponding to �� . As mentioned before, � is the
transformation matrix and is given by

� �

�
� � �
� � �
� � �

�
� (5)
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Fig. 6. (a) Trajectory on (�, �� � ��) plane (higher periodic orbit, ����=1.28 A); (b) stroboscopic map for � vs �� � ��; (c) time-domain waveform for �;
(d) time-domain waveforms for the inductor currents. The upper waveform is the output current. The lower waveforms are �� (solid line) and �� (dash line).

For parallel-connected buck converters, we have � � � � �
�� � �� � ��, �� �  and ���� � ����� � ����� �
����� � �����. Hence, (4) can be written as

���� ����� �������� ������	���������
���� ��
����	�

(6)
Our next step is to find the feedback relation that connects

the duty cycle and the state variables. In the peak current-mode
control, we note that switch �� is turned off when ��=���� .
Now, we define ��	�� �� as


���� ���
���
� �� � ���� (7)

where �= � � �. Thus, �� is turned off when

��	�� �� � � (8)

Since (8) is transcendental, it has to be solved numerically.
Solving (8), � can be obtained. Combining with (6), we have
the discrete-time iterative map for the system.

B. Derivation of the Jacobian
The Jacobian plays an important role in the study of dynami-

cal systems [2]. The essence of using a Jacobian in the analysis
of dynamical systems lies in the capture of the dynamics in the
small neighbourhood of an equilibrium point or orbit (stable
or unstable). We will make use of this conventional method
to examine the observed bifurcation phenomena.

By using the definition of the equilibrium point 	��� �
	� � �� in (6), �� can be explicitly expressed as a
function of � (in equilibrium state). Then, from (8), �
(in equilibrium state) can be solved numerically and hence
�� can be obtained. The Jacobian of the discrete-time map
evaluated at the equilibrium point can be written as

����� �
�

��
�

�


�

�
�


�

�
�� � �

��

�����
��	��

� (9)

Using (6) and (7), we can find all the derivatives in (9).
Now, putting all the derivatives into (9) gives an expression
of �����. Numerical algorithms can now be developed for
computing ����� and hence the characteristic multipliers, as
will be shown in the next subsection.

C. Characteristic Multipliers and Bifurcation
We will, in particular, study the loci of the characteristic

multipliers, the aim being to identify possible bifurcation
scenarios as the reference current is varied. To find the
characteristic multipliers, we solve the following polynomial
equation in �, whose roots actually give the characteristic
multipliers:

det	�� �����
 � � (10)

where ����� is the Jacobian found previously. We will
pay special attention to the movement of the characteristic
multipliers as ���� is varied. Any crossing from the interior
of the unit circle to the exterior indicates a bifurcation. In
particular, if a pair of complex characteristic multipliers move
out of the unit circle in the complex plane, a Neimark-Sacker
bifurcation occurs [2].

Using (9), we can generate loci of characteristic multipliers
numerically. Here, we are interested in the loci when vary-
ing ���� . We observe that a pair of complex characteristic
multipliers move out of the unit circle as ���� is increased.
As can be appreciated, a Neimark-Sacker bifurcation (a low-
frequency bifurcation) appears as ���� varies. This agrees with
our simulation results reported in Section IV.

VI. CONCLUSION
As widely known, the buck converter under current-mode

control exhibits period-doubling as the first bifurcation from
usual periodic operation. However, a different type of be-
haviour is found for the system of parallel buck converters
under current-mode control with a built-in switching rule.
When the reference current goes beyond a critical value (the
duty cycle is too large), it exhibits low-frequency bifurcations
giving rise to quasi-periodic orbits and long periodic orbits.
Our findings reveal the fact that a given nonlinear system
can behave totally differently when a small deviation in its
operation is introduced. In this case, two identically operating
converters are coupled in a subtle manner through the parallel-
ing action, and their bifurcation behaviour differs substantially
from that when they are operating in standalone mode.
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