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Abstract-A performance analysis procedure that analyses the properties of a class of iterative image
thresholding algorithms is described. The image under consideration is modeled as consisting of two
maximum-entropy primary images, each of which has a quasi-Gaussian probability density function. Three
iterative thresholding algorithms identified to share a common iteration architecture are employed for
thresholding 4595 synthetic images and 24 practical images. The average performance characteristics
including accuracy, stability, speed and consistency are analysed and compared among the algorithms. Both
analysis and practical thresholding results are presented. Copyright ~ 1996 Pattern Recognition Society.
Published by Elsevier Science Ltd.
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easily extended to multiple-class thresholding. Besides
speed and simplicity consideration, other objectives
have also been incorporated into thresholding design.
Example objectives include cross-entropy minimiz-
ation,(l) between class variance maximization,(6) total
segmentation error minimization,(7) a posteriori en-
tropy maximization,(8) likelihood function maximiza-
tion,(9) etc. For analysis and performance comparison
purposes, various thresholding algorithms have been
grouped under a common framework, such as global
threshold,(lO) maximum likelihood parameter estima-
tion(ll) and histogram-based global thresholding.(12)
In this paper we will identify a common iteration
architecture for a group of iterative thresholding algo-
rithms and then evaluate their performance.

An iterative thresholding algorithm, while in general
being able to achieve better result when compared with
its single-run counterpart,(9) has been reported to suf-
fer from various pitfalls, such as nonconvergence,
multiple convergence points and converging to a
nonsensical thresholding value.(7) Furthermore, due to
the probabilistic nature of the iteration process, it is
difficult to compare different iterative thresholding
algorithms on a fair basis. In this paper a systematic
performance analysis procedure is proposed to allevi-
ate these pitfalls. In Section 2 the maximum-entropy
image model is briefly described and three iterative
thresholding algorithms are reviewed ~nder the same
architectural and notational framewo~k. In Section
3 the proposed performance analysis procedure is
described in detail. In Section 4 the analysis of the
average performance of each of the three iterative
algorithms is described and th~ results are summarized
and discussed. In Section 5 aconclus~on is given.

1. INTRODUCnON

An image is a collection of picture elements (pixels)
representing some scene of interest for an observer. In
practice, many images are a representation of scenes
consisting of different constituent parts. These consti-
tuent parts are to be identified by an image under-
standing or pattern recognition system. For this
purpose, image segmentation is performed to trans-
form the raw gray-scale image to a form more suitable
for pattern recognition processing by template match-
ing, correlation or moment-based methods.(l) Applica-
tions of image segmentation in areas such as medical
imaging, machine parts inspection,(2) objects location
and identification (3) have been reported. Segmenta-

tion is a pixel classification process whereby each pixel
of an image is classified into one of several classes. In
general, each pixel will be considered separately for
classification, but in practice this approach is seldom
adopted when speed of operation is the prime con-
sideration. Instead, a group of pixels possessing some
identical feature will be segmented into the same class.
The most widely utilized pixel features have been the
gray level of the pixels as well as the related statistics
such as the mean and the standard deviation.

For real-time applications and simple implementa-
tion, thresholding has been the most popular image
segmentation technique and has been reviewed quite
extensively:4.S) In the thresholding approach a
threshold value t is selected and then all pixels having
gray-level values greater than t will be classified into
one class, while the rest of the pixels will be classified
into another. The idea of two-class thresholding can be
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2. ITERAnVE THRESHOLDING OF MAXIMUM
ENTROPY IMAGES
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In the following we will consider a primary image,
whose pixels have gray-level values x = 0, 1, 2,...,
N -1. The probability density function (p.di.) of this
image is assumed to be f(x). If the entropy(13) of such
an image is maximized with a prescribed mean /1 and
standard deviation o-,f(x) should have the following
quasi-Gaussian form, approximately:(3)

1 [ (x -/1)2-f(x) ~ N(x; /1, 0-) = exp --2
20-

I 

(A)uJ2;;

(B)

no

x = 0, 1, ..., N -1. (1)

For thresholding purposes, we consider a composite
image that consists of two primary images mixed in
a ratio cx. The composite image p.d.f. will be:

f(x) = cxfo(x) + (1 -CX)fl(X), 0 < cx < 1, (2)

wherefo(x) andfl(x) have the form shown in equation
(1), i.e.

(x -JlJ2-
--=exp [ -2

0";J2n 20";

i=O,1.

If the five parameters cx, /10' 0"0" /11 and 0" 1 are
available, the inequality cxfo(X) > (1- CX}f1(X) can be
evaluated for each gray level x. Those pixels that have
gray-level values x satisfying this inequality will be
segmented into class Co, otherwise into class C 1. This
will guarantee the smallest misclassification error. In
practice, these five parameters are not normally avail-
able and different thresholding algorithms will have
different ways of estimating their values. We shall
denote these estimated values by &, fto' &°' ft1 and & 1 in
the subsequent discussion.

Consider a class of iterative thresholding algorithms
that share a common structure as shown in Fig. 1.
During iteration, the image is thresholded at some
gray level t and then a new threshold t' is estimated.
This new threshold t' is then employed for threshold-
ing the image once again. The procedure is iterated
until no further change in threshold value is resulted.
Blocks (A) and (B) represent possible departure points
between different algorithms. In the following we will
briefly review algorithms proposed by, namely, Ridler
and Calvard;14.15) Kittler and Illingworth;?) and Lam
and Leung, (9) with reference to this common structure.

J;(x) = N(x; Jii, 0",) =
t +- t'

(3)

-
Fig. 1. General iterative thresholding algorithm.

ively C J. Within block (B), the new threshold t' is
calculated as the mean value of .fto and .ftl' i.e. t' = 1/2
(.fto + {lJ.

2.2. Kittler and Illingworth's iterative thresholding

Having applied the minimum error criterion suc-
cessfully to thresholding images, Kittler and
Illingworth further proposed and discussed an iter-
ative version of their algorithm.(?) We denote this
algorithm K&I(86). Within block (A) of Fig. 1, &: is
taken to be the proportion of pixels that have been
thresholded into class Co;,flo and &0 (respectively ,fl1 and
& J are taken, respectively, to be the sample mean and
sample standard deviation of the pixels having been
thresholded into class Co (respectively CJ. Within
block (B) the quadratic equation:

&:N(x; ,flo, &0) = (1- &:)N(x; ,fl1' & J (4)

is solved andt', if it ever exists, will be the single-valued
solution within the gray-level range 0, 1, ..., N -1. If
cx=0.5 and (10=(11' K&I(86) will be equivalent to

RCT(79).

2.1. Ridler and Calvard's iterative algorithm

The iterative imagethresholding algorithm in a spa-
tial-iteration from by Ridler and Calvard(14) is poss-
ibly the first of its kind reported in the literature. Later
the more efficienthistogram-iterationiorm was sug-
gested by Trussell}15) We denote this thresholding
scheme RCT(79). Within block (A} in Fig. 1, fto (re-
spectively ftJ is taken to be the sample mean of those
pixels having been thresholded into class Co (respect-

2.3. Lam and Leung's iterative thresholding

Lam and Leung(9) proposed an iterative version of
Jordan's algorithm(3) to improve the segmentation
result. Strictly speaking, this is a segmentation rather
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than a thresholding algorithm since it allows each
gray-level to be segmented independently. However, if
we only consider cases that result in a single threshold
value, this algorithm can also be admitted into the
same structure as shown in Fig. 1. Such a modification
would not change the performance so long as the
image does require a single threshold for satisfactory
segmentation. We denote this modified segmentation
scheme L&L(94). Within block (A), IX is taken to be 0,
and [11 and fJ 1 are taken to be, respectively, the sample
mean and sample standard deviation of the pixels
having been thresholded into class C1. Within block
(B), a pixel with gray level x is segmented into class Co
whenever the following inequality:

f(x) > 2N(x; [11' fJ J (5)

is satisfied, otherwise it is segmented into class C l'

3. PERFORMANCE ANALYSIS

In the following discussion, we shall consider an
iterative algorithm that is applied on a particular
image. A gray level x, at which the iterative algorithm
terminates is denoted as a terminal gray level. The set of
all terminal gray levels is denoted as X, and the
number of all terminal gray levels is denoted as N ,.
A gray level Xc is denoted as a converging gray level if
thresholding at Xc will subsequently terminate the
algorithm at some x, after N(xc, x,) of iterations. In this
context a terminal gray level is also a converging gray
level with N(x" x,) = 1. The set of all converging gray
levels is denoted as Xc and the number of all converg-
ing gray levels is denoted as N c' A gray level that is not
converging is denoted as diverging.

Fig. 2. Setting up the convergence indicator function.3.1. Convergence indicator (CI}function

For each iterative algorithm that is being applied on
an image, a Convergence Indicator(CJ) function L\T(x)
is to be obtained in the following manner. For each
gray level x within the entire gray-level range, the
image is thresholded at x and the new threshold i
obtained according to the procedure in Fig. 1. The
value L\T(x) is then computed as i-x. If no i can be
found, a value larger than the largest possible gray
level value is stored into L\T(x).The complete pro-
cedure is illustrated as in Fig. 2.

one of the leaves found in the previous step, put it one
position higher and connect it to the leaf directly

supporting it;
Step 4: repeat step (3) until no new leaf can be found.

For illustration purposes we consider a 16-gray-
level convergence indicator function as listed below in

the format (x, ~T(x)):

(0,00), (1,00), (2,2), (3, 2), (4,3), (5, 2), (6,1), (7,0), (8,0),
(9, -1), (10, -1), (11, -1), (12, -2), (13, -2),
(14, -1), (15, 00).

The corresponding convergence tree is built as in

Fig.3.
In a convergence tree, the roots represent all the

terminal gray levels, the connected leaves represent all
the converging gray levels and the isolated leaves
represent all the divergent gray levels. The position of
a converging gray level Xc represents the number of
iterations required to terminate the algorithm starting
from Xc.

3.2. Convergence tree

Based on the convergence indicator function ~ T(x),
the following procedure is carried out to build a con-
vergence tree:

Step 1: put all terminal gray levels x, in position 1 as
"roots".,

Step 2: put all x whose t' value is equal to one of the
roots in position 2 as "leaves" and link each leaf to the
root supporting it;

Step 3: among all gray levels not yet connected,
determine every gray level whose t' value is equal to
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Fig. 3. Building a convergence tree.

3.3. Performance indices

For performance evaluation, we propose to define
the following indices for an iterative thresholding algo-
rithm being applied on a particular image:

(3) Spread factor SF: defined as a measure of the
spread among all the terminal gray levels:

SF = (f:i~-=~ ~.-vi X~t\A-A"J Pxr

(1) Convergence probability Pc: the probability that
the iterative algorithm will terminate successfully
when the initial threshold gray level is selected at
random. From the convergence tree, Pc can be easily
calculated as:

where

Pc = NNco

A Pc value near to 1 will indicate that the iterative
algorithm is stable with respect to random initial
threshold value selection.

'-
Xt=LXtPx" and Px,=-Nct

x, Nc

and N ct = number of converging gray levels termina-
ting at XI"

A small SF indicates that the iterative algorithm is
relatively consistent in achieving similar thresholding
results under different initial conditions.

(4) Average absolute thresholding error teav: the av-
erage absolute difference between the terminal gray
levels and a known ideal gray level tideal' which can be
computed as:(2) Average iteration count N av: the average number

of iterations required to terminate the algorithm at any
one x, under the condition that it has been initialized at
some converging gray level XC' From the convergence
tree, Nav can be calculated as:

tea. = LPx, I x, -tideall.
x,

A small tea. indicates that the thresholding values
result from this algorithm are close to the ideal thresh-
old value.

4. ANALYSIS AND RESULTS

1
Nav=- L L N(xc,xJ,Nc x,eX, xceX"

where Xc, represents the set of all converging gray
levels that terminate the algorithm at x,-

Defined in this way,N av could be an indication of the
speed of convergence of the iterative algorithm when it
has been initialized properly-

4.1. Ensemble average performance

To evaluate the average performance of the three
iterative algorithms, an image database has been set up
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in a manner similar to previous works.(12,16) This
image database consists of a large number of synthetic
images having p.d.f.s specified in equations (2) and (3)
with various combination of the five parameters a, .Ilo,
(Jo, .Ill and (J l' The major advantages of employing
synthetic images in the evaluation of thresholding
algorithms are twofold. First, ideal thresholding re-
sults are available for evaluation of thresholding
accuracy. Second, the image characteristics may be
adjusted in a systematic manner by modifying some
image parameters. The mixing ratio a takes values
from 0.1 toO.9 in steps of 0.1; both (Jo and(J 1 take values
from 20 to 50 in steps of 10;.Ilo takes values from 50 to
100 in stepsof10 and.ll1 takes values from 150 to 200 in
steps of 10. With an exhaustive combination of all
these five parameters selected from these ranges, a total
of 5184 images have been generated. These images are
then thresholded by an ideal minimum-error thresh-
olding procedure in which the quadratic equation (4) is
solved for threshold values by incorporating all the five
image model parameters:7) The single threshold value
resulted for each image is then taken to be the ideal
threshold value. There are some images that result in
no or more than one threshold value after equation (4)
is solved. If these images are thresholded by the thresh-
olding algorithms under study, it is not possible to
compute the thresholding error as a performance in-
dex. Furthermore, these images represent cases where
thresholding is inappropriate:7) Hence these images
are rejected from the image database. Finally there are
totally 4595 images retained for evaluation of the
iterative thresholding algorithms. It is possible that no
terminal gray level can be found in a particular run. We
denote the run in which one or more terminal gray
levels could be obtained as a successful run. A successful
run rate index is calculated as the ratio of the number of
successful runs to the total 4595 runs. The four per-
formance indices Pc, N av' SF and teav, as defined in the
previous section, are then averaged over all the suc-

cessful runs. The successful run rate and the ensemble
averages of the four indices are tabulated in Table 1.

From these results, RCT(79) is found to be the most
stable in that it is capable of successful termination for
all images under all initial conditions. It is found to be
the fastest in that it scores the smallest average iter-
ation count. Furthermore, it is the most consistent in
that it scores the smallest average spread factor. When
thresholding accuracy is concerned, every algorithm
under comparison achieves roughly the same degree of
accuracy. On average, RCT (79) might be rated the
best among the three in view of its good performance in
stability, speed and consistency.

4.2. Thresholding practical images

To evaluate the applicability of the performance
analysis procedure in a practical situation, we consider
the thresholding of 24 practical images taken from
a commercial photo CD album.(!?) These practical
images cover a wide range of complex scenes consist-
ing of people, buildings, animals, etc. Although most of
these practical images do not conform with the model
that a single object is contained in a background,
a good thresholding algorithm should be able to
threshold them with much image details preserved for
the subsequent image processing stage, such as a pat-
tern recognition system, to make use of. In this respect,
it is useful to evaluate the performance of the thresh-
olding algorithms on these practical images.

As an illustration, the thresholding results for one of
the images entitled "Two Macaws" are considered.
The image is originally in 24-bit true color format. For
thresholding purposes it is retrieved in eight-bit black
and white 2048 x 3072 pixels format. The gray-scale
image and its histogram fix) are as shown in Figs 4(a)
and (b), respectively. The image is relatively dark in
overall intensity and the dynamic range is quite large
with gray levels ranging from 14 to 232. The histogram

Successful run rate ("!oj 100
1.0
1.0
1.0

7.3
7.3
9.45

22.95
16.5
54.48

0.525
0.499
0.997

99.78
0.5
0.76
0.55

11.21
10.89
18.31

22.88
15.46
58.86

19.91
20.93
38.56

84.22
0.66
1.0
0.7

11.03
10.63
17.17

20.51
12.3
50.75

1.36
0.82
3.44

Average
50% tile
90% tile

Average
50% tile
90% tile

Average
50% tile
90% tile

Average
50% tile
90% tile

Convergence
probability

Iteration count

Absolute
thresholding error

Spread factor
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is rather irregular over the entire gray-level range with
spontaneous rise-and-falls. The performance analysis
procedure is then carried out on the three iterative
algorithms.

For RCT(79), two terminal gray levels 101 and
102 have been found, with 125 gray levels terminat-
ing at 101 and 130 gray levels terminating at 102. Since
the most probable terminal gray level is 102, we use
this to threshold the image. The average iteration

count is 7.4. The thresholded image is as shown in Fig.
4(c).

For K&I(86), two terminal gray levels 110 and 111
have been found, with 27 gray levels terminating at 110
and 33 gray levels terminating at 111. The average
iteration count is 6.7. The image thresholded at gray
level 111 is as shown in Fig. 4(d).

Due to the spontaneous rise-and-falls of the image
histogram .f(x), L&L (94) cannot be applied directly

255

white

0

black

(b) Histogram of Fig.4(a)(a) Two Macaws -original image

(c) Thresholded by RCT(79) at 102 (d) Thresholded by K&I(86) at 111

(f) Thresholded by Otsu's method at 101(e) Thresholded by L&L(94) at 77

Fig. 4. Two Macaws: histogram and thresholded images: (a) two Macaws-original; (b) histogram of
Fig. 4(a); (c) thresholded by RCT(79) at 102; (d) thresholded by K&I(86) at 111; (e) thresholded by L&L(94) at

77; (1) thresholded by Otsu's method at 101.
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Table 2. Performance indices averaged over 24 practical images

Performance indices averaged
over 24 practical images

Iterative thresholding algorithm

RCT(79) K&I(86) L&L(94)

24
1.0
8.4
1.4

17

24
0.41
8.5

13.3.,

21
0.68
3.0
3.7
9

Successful run count
Average convergence probability
Iteration count
Spread factor
Satisfactory result count

results are tabulated in Table 2. From these results,
RCT(79) is found to be the most stable and the most
consistent. Furthermore, according to the satisfactory
result count index, RCT(79) is the most outstanding
among the three in that it is able to threshold the most
number of practical images satisfactorily. L&L(94)
appears to be the fastest and this is probably due to
that it simply fails for some images that it cannot
threshold successfully, rather than taking more iter-
ations.

5. CONCLUSION AND DISCUSSION

A performance analysis procedure is proposed to
systematically evaluate the performance of a class of
iterative thresholding algorithms with respect to sta-
bility, speed, accuracy and consistency. Three specific
algorithms have been evaluated. They are found to
have different degrees of accuracy, stability, operation
speeds and performance consistency. In view of the
overall average performance, RCT(79) might have
been rated the best within the present scope of study,
where both synthetic and practical images have been
thresholded. This performance analysis procedure en-
ables us to compare performance among different
iterative thresholding algorithms. It is also shown that
the performance analysis procedure may be performed
in lieu of the actual iterative algorithm to threshold an
image without possibly engaging in endless iterations.
Finally, it would be quite straightforward to extend the
performance analysis procedure to multi-level thresh-
olding. This can be accomplished by defining the
convergence indicator function as a k-dimensional
vector function with the vector components represen-
ting the k threshold values resulted. This extension will
make the procedure more suitable for segmenting
images such as those having been rejected from our
image database where multiple threshold values will
warrant better results.

since for each existing threshold value, several new
threshold values t' are usually resulted, rendering the
algorithm incapable of successful termination under
all initial conditions. To circumvent this problem,
either the image histogram may be smoothed(2) or the
L&L(94) may be modified. The latter approach is
adopted to disregard all those t' pairs which are separ-
ated by one or two gray levels. With this modification
incorporated, there are 27 gray levels terminating at
a gray level value of 77. The average iteration count is
5.1. The image thresholded at 77 is as shown in
Fig.4(e).

Since for this practical image there is no "ideal"
threshold value, we apply Otsu's method(6) to deter-
mine the threshold value for comparison. The result-
ant threshold value is 101 and the thresholded image is
as shown in Fig. 4(t).

According to a subjective viewing, all the four
thresholded images bear similar general appearance.
The two macaws are recognizable with slightly varying
degree of details in all the thresholded images. When
stability is considered, RCT(79) will always terminate,
K&I(86) and L&L(4) will terminate with probability of
0.23 and 0.11, respectively. Hence RCT(79) is more
stable against random initial threshold value selection.
When speed of convergence is considered, L&L(94) is
the fastest taking only an average of 5.1 iterations for it
to terminate, while K&I(86) and RCT(79) take 6.7 and
7.4 iterations, respectively. When consistency is con-
sidered, L&L(94) is more consistent in that it will
terminate at one terminal gray level; RCT(79) and
K&I(86) will terminate at either of two neighboring
gray levels, depending on the initial conditions.

Similar procedures are applied to the other 23 im-
ages for the three thresholding algorithms. The suc-
cessful run count, the ensemble average performance
indices Pc, N av and SF are calculated in a way similar to
that discussed in the previous section. To assess the
thresholding results, a subjective visual inspection on
the thresholded images is carried out. An image is
deemed to have been thresholded satisfactorily if it is
found that the prominent objects of the scene (such as
people, birds, buildings, etc.) are identifiable in the
thresholded image. The total number of images that
can be thresholded satisfactorily is represented by
a satisfactory result count. It is to be noted that some
thresholded images do not pass such a visual inspec-
tion, mainly because they are too bright or too dark
and most details of the original images are lost. The
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