
EIE6207 Tutorial

EIE6207 Tutorial: Clustering

Q1 Denote X = {x1, . . . ,xN} as a set of training vectors. The K-means algorithm aims to
partition X into K disjoint sets, Xk where k = 1, . . . ,K, such that the following mean
squared error is minimized:

E =

K∑
k=1

∑
x∈Xk

‖x− µk‖2, (1)

where

µk =

∑
x∈Xk

x∑
x∈Xk

1
=

1

Nk

∑
x∈Xk

x,

where Nk is the number of vectors in Xk.

(a) Given a Gaussian mixture model (GMM) Λ = {πk,µk,Σk}Kk=1 with K mixture com-
ponents, where πk, µk, and Σk denote the mixture coefficient, mean vector, and co-
variance matrix of the k-th Gaussian, respectively. Under what conditions the EM
algorithm for estimating Λ becomes the K-means algorithm. Briefly explain your an-
swer.

Hints: You may answer this question by stating the EM algorithm for GMMs and speci-
fying the conditions for the posterior probabilities of mixture components P (mix = k|x)
and the covariance matrices Σk’s such that the EM algorithm reduces to the K-means
algorithm.

(b) Explain how the K-means algorithm can be derived from the maximum-likelihood
principle.

Hints: You may answer this question by (i) expressing the log-likelihood of X as a
function of the parameters in Λ, (ii) dividing X into K disjoint sets, and (iii) using
the conditions in Q1(a) to reduce the log-likelihood function to Eq. 1.

Q2 One of the key difference between K-means clustering and GMM clustering is the hard versus
soft assignments of training samples to clusters. Explain how GMM clustering achieves soft
assignment of training samples to clusters. Hint: You may use Fig. 9.5 of Bishop’s book to
answer this question.

Q3 Given an observed vector x and a GMM with parameters Λ = {πk,µk,Σk}Kk=1, show that
the posterior probability of the k-th mixture component is given by

γ(zk) ≡ P (zk = 1|x,Λ) =
πkN (x|µk,Σk)∑K
j=1 πjN (x|µj ,Σj)

, (2)

where zk is an 1-of-K coded binary latent variable indicating which Gaussian is responsible
for Generating x and N (x|µk,Σk) is a Gaussian distribution with mean µk and covariance
matrix Σk. Hint: You may use the Bayes theorem to express the posterior in terms of the
prior, likelihood, and evidence.

Q4 Denote X = {x1, . . . ,xn} as a set of training vectors. Denote Z = {znk;n = 1, . . . , N ; k =
1, . . . ,K} as the set of latent variables indicating which Gaussian is responsible for gener-
ating the vector xn, where n = 1, . . . , N .

(a) Given the expectation of the complete-data likelihood (auxiliary function) with respect
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to the latent variables is

Q(θ|θold) = EZ{ln p(X ,Z|θ)|X , θold}. (3)

Show that

Q(θ|θold) =
N∑

n=1

K∑
k=1

γ(znk) ln [N (xn|µk,Σk)πk] , (4)

where γ(znk) is the mixture posterior in Q3 and θ = {πk,µk,Σk} comprises the pa-
rameters of a GMM with mixture coefficients πk’s, mean vectors µk’s, and covariance
matrix Σk’s.

(b) Show that the update formulae for the GMM parameters in the M-step of the EM
algorithm are given by:

µk =

∑N
n=1 γ(znk)xn∑N
n=1 γ(znk)

Σk =

∑N
n=1 γ(znk)(xn − µk)(xn − µk)T∑N

n=1 γ(znk)

πk =
1

N

N∑
n=1

γ(znk)
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